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What we Discussed Last Time

Last time we discussed the functions used for making inferences on count and tabular data. Functions
used:

e bi nom t est to test binomial probability of success
e prop.test totest multiple proportions equality

e fisher.test totestfor association, mostly used for 2 x 2 tables. Inference is based on odds
ratio

e chi sq.t est totest for association, mostly used for larger dimensioned tables.

Dr. Gangnon discussed the functions used for making inferences on continuous data. Functions used:

o t.test totest:

— Ho:p=po
— Ho:p1 = po
— H025:O

e W | cox.test totest about the median:

—HoZM:Mo
—HQZMleQ
— Ho: Ms=20



Correlation Coefficient

When examining the relationship between two continuous variables, one of the simplest methods of
guantifying this relationship is through the linear correlation coefficient. It summarizes what direction
the association is and how strongly the linear association is between two continuous variables.

> cor(trees$Vol une, trees$Grth)

[1] 0.9671194

> plot(trees$Vol une, trees$G rth)
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Linear Regression

Simple linear regression is a technique that is used to explore the nature of the re-
lationship between two continuous random variables. More specifically simple linear
regression is used to investigate the change in one variable, called the response,
which occurs because of a change in another variable, called the explanatory vari-
able. Functions that we will use in R for linear regression are:

o | M)

e plot()

e abline()
e resid()

e predict()



Linear Regression (Cont.)

| m( ), standing for Linear Model, fits a linear model to the data using
the Least Squares Method. The model description should look like:

Model: Response ~ Explanitoryl + Explanitory2 + ...

The default is to have the intercept in the model. If you put -1 at the
end of the model statement, this removes the intercept from the model.

The general format is:

> | nml <- | m(Model, data=nane of data)

Seeargs(lm or?l nm) for more details.
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Example of Simple Regression

> treeLM <- Im(Volunme ~ Grth, data=trees)
> treelLM

Cal | :
| m(fornmula = Volume ~ G rth, data = trees)

Coeffici ents:
(Intercept) Grth

-36. 943 5. 066

This does not help us very much at all. This output only gives us the
estimates for Bg and 31. Using sunmary(treeLM will give us more
meaningful output.



Regression Example (Cont.)

> summary(treelLM

Cal | :
| m(formula = Volunme ~ Grth, data = trees)

Resi dual s: _
M n 1Q Median 3Q Max
-8.0654 -3.1067 0.1520 3.4948 9.5868

Coefficients: _
Estimate Std. Error t value Pr(>|t])

(Intercept) -36.9435 3. 3651 -10.98 7.62e-12 ***
Grth 5. 0659 0. 2474 20. 48 < 2e-16 ***
Signif. codes: 0 '**** 0.001 ' '** 0.01'* 0.05'."” 0.1’ " 1

Resi dual standard error: 4.252 on 29 degrees of freedom
Mul ti ple R-Squared: 0.9353, Adjusted R-squared: 0.9331
F-statistic: 419.4 on 1 and 29 DF, p-value: < 2.2e-16



Summarizing sumary(treelLM

e Residuals table: Not so much the table that concerns us, but the distribution of
the residuals. We will talk more about this later in the diagnostic checking of
assumptions.

e Coefficients table: Again the estimates: 3y and 3; are given along with standard
error. The p-values are for the two tests: Hg : Bo = Oand Hy : 51 = 1 The
p-values are highly significant, so we would reject those null hypotheses.

e Residual Standard Error: Is the square root of the Mean Square Error. Found
by: sqrt (devi ance(treeLM /df.residual (treeLM)

e Multiple R-Squared: Means that 93.53% of the total response variation is due
to the linear association between the variables. Notice that the square root of
0.9353 is the correlation coefficient 0.9671.

e F-statistic p-value: P-value for the test of two models. This model versus a
model with only the intercept. In the case of only one explanatory variable this
reduces to the same t-test for (3;.



Assumptions for Linear Regression

e ¢, are independent of each other,z =1,2,...,n

e ¢; are normally distributed with mean 0, and equal variance, o2

Independence in the errors is the same as independence in the re-
sponses, y;. This is hard to explicitly check but is normally taken care
of by a good study design.

The assumption of normality with equal variance is checked by looking
at the residuals versus fitted values plot and the Q-Q normal plot. This
can be done in one command in R. pl ot (treeLM.



Checking Normality of Residuals

> [ayout (matrix(c(1,2,3,4), nrow=2, byrow=T))
> plot(treeLM
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Simple Linear Regression Plot

A nice graphical representation of a simple linear regression is to use the pl ot func-
tion and the abl i ne function to place the line on the scatter plot.

> plot(trees$G rth, trees$Vol une)
> abline(treeLM

trees$Volume
I I I I |

10 20 30 40 50 60 70

trees$Girth

10



Linear Regression Concluded

There are functions in R that will allow you to look at the residuals and
predicted values as vectors. Also helpful can be the pai r s function
which plots scatterplots of all the combinations of two variables in a
data frame. Not too useful if the number of variables is large because
plots will be too small.

> resi d( tr eeLI\/) # summary(treeLM)$resid will work too

> predict(treelLM #fited(treeLM) will do the same thing

> pail rs(stackl oss, panel =panel . snpot h)
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Exercises in Using R

Using stack.loss as the response variable from the data set st ackl oss:

1. Fit simple linear regression models using the remaining variables
as the explanatory variable

2. Which variables have an estimated slope that is significantly dif-
ferent than 17

3. Which variable has the highest correlation with stock.loss?

4. Check the assumptions of the regression analysis. Do any of the
models need a transformation to the data to better achieve the
assumptions?
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Exercises in Using R Answers

attach( st ackl oss)

AlrLM <- I m(stack.loss ~ Air.Fl ow)
Water LM <- I n(stack.loss ~ Water. Tenp)
Aci dLM <- I n(stack.loss ~ Acid. Conc.)

vV V VYV

2. > c(summary(AirLM $coef[ 2,4], summary(WaterLM $coef [ 2, 4],
+ sunmar y( Aci dLM $coef[ 2, 4])
[ 1] 3.774296e-09 2. 028017e-07 7.252300e-02

3. > c(sunmmary(Ai rLM $r.sq, sunmary(\WaterLM $r. sq,
+ sunmar y( Aci dLM $r. sq)
[ 1] 0.8457809 0. 7665080 0. 1598637

4. > plot (A rLM
> pl ot (WAt er LM
> pl ot (Aci dLM
No output will be shown here, but looking at it yourself, you can see that AirLM
seems the best to hold the assumptions, where constant variance is violated
in WaterLM and AcidLM. Transformations or polynomial regression should be
used on the latter two variables.
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Analysis of Variance - ANOVA

As previously discussed, comparing means between two continuous variables, more
commonly a continuous variable split into two groups by some binary factor, is done
in R by the functionst .t est orw | cox. t est depending on normality of the con-
tinuous variable. But what if we want to compare means when the factor has more

than two levels? This is done by using the one-way ANOVA method which is very
easy to runin R.

Useful functions in R for ANOVA:
e anova()
e | M) The same as what we used in Regression
e pairwise.t.test()
e bartlett.test()
Hypothesis:
o Hpo @1 = o =...= g
e 1, : Atleastone p; is not equal to a different p;
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ANOVA (Cont.)

So if this is a method for comparing means, why is it called Analysis of Variance ?

The total variation of the observations from the grand mean can be split into two
sources of variation. Namely, the variation within groups (Error Sum of Squares)
SSError = ), Zj(:cij — Z.) and the variation between groups (Treatment Sum of

Squares) SSrrr = >..ni(T; — 7.)2. The ANOVA test statistic is: F = %}zm

Where, M Sty is 3222 and M Sgyqor is 2222, The denominator is the pooled vari-
ance obtained by combining the individual group variances and this is an estimate
of o2. If there is no group effect, then the variance of the group means from the
grand mean, which is estimated by the numerator, should also estimate o2. With a
group effect, the group means will be considerably different than the grand means
hence M Strr Will be larger, making the F statistic large enough to reject the null
hypothesis. So the inference is based upon comparing estimates of variance, hence
analysis of variance. However, the reason for obtaining a significant test statistic is

because of the differences in group means.

e Assume k independent and normally distributed random variables one per group

e ASssume o1 = op = ... = 0oy,

15



ANOVA (Cont.)

To run the one-way ANOVA in R we need to make sure we have a numeric variable
that is broken into multiple groups by a factor variable.

Then to conduct the test we first have to set up a linear model like we did in regres-
sion analysis. Like so:

> anvl <- I mnumvar ~ factor.var, data = yourDF)

A word of caution: If your factor is a numeric, i.e. 1, 2, 3, ..., the program will then
read it as a regression analysis and not a comparison of means. In this case you can
use the as. f act or () function to coherse the numeric into a factor.

To obtain the ANOVA output:

> anova(anvl)
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ANOVA Example

> attach(Pl ant G owt h)

> str (Pl ant G owt h)

"data.frane’: 30 obs. of 2 vari ables:

$ weight: num4.17 5.58 5.18 6.11 4.5 4.61 5.17 4.53 ...

$ group : Factor w 3 levels "ctrl™,"trt1",..: 11 111...

> anova(l m(wei ght ~ group))
Anal ysi s of Variance Tabl e

Response: wei ght

DF Sum Sqg Mean Sg F val ue Pr (>F)
gr oup 2 3. 7663 1. 8832 4.8461 0.01591
Residuals 27 10.4921 0. 3886

> anova(l mwei ght ~ as.nuneric(group))) #Whatis this testing?
Anal ysi s of Variance Tabl e

Response: wei ght

DF Sum Sqg Mean Sq F value Pr(>F)
as. nuneric(group) 1 1. 2202 1. 2202 2.6204 0.1167
Resi dual s 28 13.0382 0. 4657
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Multiple Comparisons

So after finding that there is at least one difference between two of the groups means,
what is the first question the investigator is going to ask you? "Which groups are
different?” This can be figured out by using pai rw se. t.test.

e pairwise.t.test(numvar, factor.var, p.adj="bonf")

e The output for this test is a matrix of adjusted p-values for the individual t-tests.
P-values less than 0.05 are where there are significantly different means.

P-values need to be adjusted because of the multiple tests on the same data. We will
not go into detail, however, when running multiple tests the error rate becomes in-
flated hence the probability of rejecting the null when there truely is no difference («)
for the tests is larger than 0.05. There are multiple adjustment methods. Bonferroni’s
IS conservative meaning that only clear cut and true differences will be detected. In
R the Bonferroni correction multiplies the unadjusted p-values by the number of two-
way comparisons. See ?p. adj ust for explainations for the others. The default is

"holm”, which according to ?p. adj ust "dominates” the Bonferroni method.
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ANOVA Example Revisted

> palrw se.t.test(weight, group)
Pai rw se conparisons using t tests wth pooled SD

data: weight and group
ctrl trtl
trtl 0.194 -

trt2 0.175 0.013
P val ue adj ustnent nethod: holm

19



Checking Assumptions

Remember the two assumptions for the ANOVA model:

e Assume k independent and normally distributed random variables
one per group

e Assumeoc; = op = ... = 0}

To check normality assumption will be to check the values in each
group individually by plotting them in a qgnor mplot and seeing if the
dots are reasonably close to the 45° line. Also, you can plot histograms
of the data separated by groups and see if they follow a normal bell
curve.
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Checking Assumptions

To check whether a variable has the same variance in all groups we
canuse the bartl ett.test functioninR.

> partlett.test(weight ~ group)

Bartlett test of honobgeneity of variances

data: weight by group

Bartlett’'s K-squared = 2.8786, df = 2, p-value = 0.2371

If Bartlett test’s p-value is less than 0.05 then the assumption of equal
variances would be rejected. oneway. t est is a function in R that
runs a similar procedure without the constraints of the equal variance
assumption. Read 6.1.2 in the text for more details.
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Exercises in Using R

Revisting data set ChickWeight from Lecture 3. Remember | asked
for a graphical representation to see if there is a difference in weights
based on diets. Now we can do the formal test.

1. Run ANOVA to see if there is a difference in mean weights at the
end of the study based on diets.

2. What is the p-value of the test?

3. If p-value is significant, which it is because | wouldn’t ask this ques-
tion if it wasn’t, where is the sig. differences?

4. Is the assumption of equal variance valid?
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Exercises in Using R Answers

1. > Day21CW <- subset (Chi ckWei ght, subset =Chi ckWei ght $Ti ne==21)
> anvl <- anova(l m Day21CWswei ght ~ Day21CWSDi et))

2. > anv1$Pr[ 1]
[1] 0.006857959

3. > pairwi se.t.test(Day21CWswei ght, Day21CWbDi et )
Pai rw se conparisons using t tests wth pooled SD
data: Day21CWswei ght and Day21CWsDi et

1 2 3

0.4786 - -

0. 0053 0.2355 -

0.1391 0.5731 0.5731

P val ue adjustnent nethod: holm

1
2
3

4. > bartlett.test(Day21CWswei ght ~ Day21CWsDi et)
Bartlett test of honobgeneity of vari ances
data: Day21CWswei ght by Day21CWsDi et
Bartlett’'s K-squared = 3.0524, df = 3, p-value = 0.3836
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