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Abstract.  One main obstacle in building a sophisticated parametric

model along an arbitary anatomical manifold is the lack of an easily
available orthonormal basis. Although there are at least tw o numerical
techniques available for constructing an orhonormal basis such as the
Laplacian eigenfunction approach and the Gram-Smidth orth ogonaliza-
tion, they are computationally not so trivial and costly. We present a
relatively simpler method for constructing an orthonormal basis for an
arbitrary anatomical manifold. On a unit sphere, a natural o rthonormal

basis is the spherical harmonics which can be easily compute. Assuming
the manifold is topologically equivalent to the sphere, we can establish
a smooth mapping from the manifold to the sphere. Such mapping
can be obtained from various surface attening techniques. If we project
the spherical harmonics to the manifold, they are no longer orthonormal.

However, we claim that there exists an orthonormal basis tha tis the func-
tion of spherical harmonics and the spherical mapping . The detailed
step by step procedures for the construction is given along with the nu-

merical validation using amygdala surfaces as an illustration. For surface
attening, we also propose a new method based on the equilibrium state
of heat di usion. As an application, we show the limitation o f the spher-
ical harmonic representation. The source code used in the sudy is freely
available at http://www.stat.wisc.edu/ mchung/research/amygdala .

1 Introduction

We present a novel orthonormal basis construction method fo an arbitrary
anatomical surface that is topologically equivalent to a spere. The method
avoids the well known Gram-Smidth orthogonalization procedure [5], which is



extremely ine cient for high resolution polygonal meshes. In order to perform
the Gram-Smidth orthogonalization as described in [5], fora surface mesh withn
vertices, we need to perform the Choleski decomposition asell as the inversion
of matrix of sizen n. For a cortical mesh generated with FreeSurfer [4]n can
easily reach up to 200000.

On the other hand, Qiu et al. [11] constructed an orthonormalbasis as the
eigenfunctions of the Laplace-Beltrami operator in a bouned regions of interest
(ROI) on a cortical surface (Figure 3). The nite element method (FEM) is used
to numerically construct the orthonormal basis by solving asystem of large linear
equations. The weakness of the FEM approach is the computadinal burden of
inverting a matrix of size n n.

We propose a completely di erent method that avoids the computational
bottleneck by using a conceptually di erent machinery. We assume an arbitrary
anatomical surface to be topologically equivalent to a sphee. Then using a
smooth mapping obtained from a surface attening technique, we project the
spherical harmonics to the anatomical surface. Obviously lte projected spheri-
cal harmonics will no longer be orthonormal. However, if we orrect the metric
distortion introduced from the surface attening, we may able to make the pro-
jected spherical harmonics orthonormal somehow. This is th basic idea behind
our new proposed method. For the surface attening, we preset a new method
that treats the mapping as the geodesic path of the heat equilibrium state.

As an application of the proposed technique, we present a newepresenta-
tion for parameterizing anatomical boundaries that outperforms the traditional
spherical harmonic (SPHARM) representation [2] [3] [6] [12[13]. We claim our
proposed representation has far less intersubject variabty in the estimated pa-
rameters than SPHARM and converges faster to the true bounday with less
number of basis.

2 Methods

It is assumed that the anatomical boundary M is a smooth 2-dimensional Rie-
mannian manifold parameterized by two parameters. The onde-one mapping
from point p = (py;p2;p3)° 2 M to u = (ug;up;uz)® 2 S2?, a unit sphere,
can be obtained from various surface attening techniques sch as conformal
mapping [1] [6] [7], quasi-isometric mapping [14], area pserving mapping [2]
[12] [13] and the deformable surface algorithm [9]. In this pper, we present
a new attening technique via the geodesic trajectory of the equilibrium sate
of heat di usion. The methodology is illustrated using the 47 amygdala binary
segmentation obtained from the 3-Tesla magnetic resonancienages (MRI).
High resolution anatomical MRI were obtained using a 3-Tesh GE SIGNA
scanner with a quadrature head coil. Details on image acquison parameters
are given in [10]. MRIs are reoriented to the pathological phne for optimal
segmentation and comparison with an atlas. Manual segment#on was done by
a trained expert and the reliability of the manual segmentation was validated
by two raters on 10 amygdale resulting in interclass correltion of 0.95 and the



Fig. 1. The di usion equation with a heat source (amygdala) and a hea t sink (enclosing
sphere) corresponds. After su cient amount of di usion, th e heat equilibrium state is
reached. By tracing the geodesic path from the heat source to the heat sink using the
geodesic contours, we obtain a smooth mapping .

Fig. 2. Amygala surface attening is done by tracing the geodesic path of the heat
equilibrium state. The numbers corresponds to the di erent the geodesic contours. For
simple shapes like amygde, 5 to 10 contours are su cient for t racing the geodesic path.

intersection over the union of 0.84 [10]. Afterwards a marcing cubes algorithm
was used to extract the boundary of the binary segmentation a a triangle mesh
with approximately 2000-3000 vertices. The amygdala surfaee is then mapped
onto a sphere using the new attening algorithm.

2.1 Diusion-Based Surface Flattening

Given an amygdala binary segmentationM ,, we put a larger sphereM ¢ that
encloses the amygala (Figure 1 left). The amygdala is assiga the value 1 while
the enclosing sphere is assigned the value -1, i.e.

f(Ma; )=1;f(Mg; )= 1

for all . The amygdala and the sphere serve as a heat source and a heatls
respectively. Then we solve an isotropic di usion

@f =

o - (1)



within the empty space bounded by the amygdala and the sphere is the 3D
Laplacian. After enough di usion, the system reaches the hat equilibrium state

where the additional di usion does not make any di erence in the heat distri-

bution (Figure 1 middle). Once we obtained the equilibrium sate, we trace the
geodesic path from the heat source to the heat sink for every Bsh vertices. The
trajectory of the geodesic path provides a smooth mapping om the amygdala
surface to the sphere. The geodesic path can be easily tracdyy constructing

geodesic contours that correspond to the level set of the edgjibrium state (Figure

1 right). Then the geodesic path is constructed by nding the shortest distance
from one contour to the next and iteratively connecting the path together. Fig-

ure 2 shows the process of attening using ve contours correponding to the
temperature 0.6, 0.2, -0.2, -0.6, -1.0.

2.2 Orhonormal basis in two sphere S?

Suppose a unit sphereS? is represented as a high resolution triangle mesh con-
sisting of the vertex setV(S?). We have used an almost uniformly sampled mesh
with 2562 vertices and 5120 faces. Let us parameterize codrétes u 2 S? with
parameters ;' :

(ug;uz;ug) =(sin  cos'; sin sin'; cos );

where (;' )2N =[0; ] [0;2 ). The polar angle is the angle from the north
pole and' is the azimuthal angle. The orthonormal basis on the unit splere is
given by the eigenfunctions of

f +f =0;

where is the spherical Laplacian. The eigenfunctionY,, corresponding to the
eigenvaluel (I +1) is called the spherical harmonic of degred and order m. With
respect to the inner product

H.gise = Szf(u)g(u) d (u); )
with measured (u) =sin dd' , Y, form the orthonormal basis in L?(S?), the
space of square integrable functions or$?, i.e.

hYim ; Yiomoigz = jjo mm o: 3)

The inner product can be numerically computed as the Riemannsum over
mesh vertices as

X
hYim ; Yiomoi sz Yim (Uj)Yiomo(Uj )Dsz(uj ); 4)
uj 2V (S2)
where Ds: (u;) is the discrete approximation ofd (u). Let Ty ;TZ; ;Ti be
the area of triangles containing the vertexu;. Then we estimate Ds2(u;) as
X
Dse(u)= 3 Tu: ©

k=1



The discrete approximation (5) de nes the area of trianglesat a mesh vertex.
The factor 1=3 is chosen in such a way that

Dg2(uj) =12:5514 =4 3:1378
uj 2V (S?)

analogous to the relationship
z

d (p)=4:

SZ
The discrepancy between the integral and its discrete courgr part is due to the
mesh resolution and it should become smaller as the mesh rdation increases.

Based on the proposed discretization scheme, we have comma the inner
product (4) for all degrees 0 ;19 20. Figure 3 (left) shows the inner products
for every possible pairs. Since for up to thek-th degree, there are total k +
1)? basis functions, we have total 44% possible inner product pairs, which is
displayed as a matrix. For the diagonal terms, we obtained 0988 0:0017 while
for the o -diagonal terms, we have obtained Q0000 0:0005 indicating our basis
and the discretization scheme is orthonormal with two decinal accuracy.

2.3 Orthonormal basis on manifold M

For f;g 2 L?(M ), the orthonormality is de ned with respect to the inner pro duct
Z

H,giv = y f (p)a(p) d (p):

Since the spherical harmonics are orthonormal irS? and, the manifolds S? and
M can be deformed to each other by the mapping, one would guess that the
orthonormal basis inM can be obtained somehow using the spherical harmonics.
Surprisingly this guess is not wrong as we will show in this setion.

For f 2 L?(S?), let us de ne the pullback operation as

f=f

While f is de ned on S?, the pullbacked function f is dened on M . The
schematic of the pull back operation is given in Figure 5 (a).
Consider the JacobianJ of the mapping :p2M! u 2 S? dened as

J = @' ) ):
@(;')
For functions f; g 2 L?(S?), we have the following change of variable relationship:

Z
H.gise = y f(p) o(p)idetd jd (p): (6)
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Fig. 3. Left: inner products of eigenfunctions of the Laplacian for every pairs [11]. The
pairs are rearranged from low to high degree. Right: representative eigenfunctions
on the left amygdala template surface obtained by solving i+t =0

Similarly we have the inverse relationship given as

z
h f;, givw = f(u)g(u)jdetd :jd (u): (7
S2
By letting f = Y|, and g = Yjomo in (6), we obtain
z
10 mmo = Ym  Yiomojdetd jd (p) (8)
M

Equation (8) demonstrates that functions
Zim = jdetd j* Yin C)

are orthonormal in M . We will refer | as degree andm as order of the basis
function. Using the Riesz-Fischer theorem [8], it is not had to show that Z)
form a complete basis inL?(M ).

2.4 Numerical Implementation

Although the expression (9) provides a nice analytical formfor an orthonormal
basis for an arbitrary manifold M , it is not practical. If one want to use the basis
(9), the Jacobian determinant needs to be numerically estimated somehow. We
present a new discrete estimation technique for the surfacéacobian determinant
that avoids estimating unstable spatial derivative estimation.

The Jacobian determinant J of the mapping can be expressed in terms
of the Riemannian metric tensors associated with the maniftds S? and M .
Consider determinants detgs. and detgy of the Riemannian metric tensors
associated with the parameterizati?pw( ;' )and B( ;' ) respectively. Note that
the integral of the area elements’ detgs: and = detgy with respect to the
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Fig.4. Left: inner products of spherical harmonics computed using formula (2) for
every pairs. The pairs are rearranged from low to high degree and order. There are total
(20 + 1) 2 = 441 possible pairs for up to degree 20. Right: representative orthonormal
basis Zim on the left amygdala template surface.

parameter spaceN gives the total area of the manifolds. Then we have the
relationship

P— P—
. . detgu . . detgs:
detd .j= ;jdetd j= :
Jae J pTgsz jdetJd | PTQM

Note that the Jacobian determinant detJ measures the amount of contraction
or expansion in the mapping from M to S?. So it is intuitive to have this
quantity to be expressed as the ratio of the area elements. Gsequently the

discrete estimation of the Jacobian determinant at mesh vetex u; = (p;) is
obtained as W)
. . Dsz Uj
jdetd j ——=:
Dwm (pj)
Then our orthonormal basis is given by
s
Dsz2( (pj))
7z ) = Y, i) 10
m (Pj) Du (p)) m (Pj) (10)
The numerical accuracy can be determined by computing the iner product
X
hZim ; Ziomoi m Zim (Pj)Zim (Pj)Dm (pj):
Pj 2>\(/ (M)
= Yim (Pj)  Yiemo(pj)Dsz( (pj))
Pj 2‘)\(/ (M)
= Yim (Uj ) Yiomo(uj)Dsz2(uj)
uj 2V (S2)

hY)m ; Yiomoi g2
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Fig.5. Left: schematic showing how the pullback operation is working. Point p 2 M

is mapped to u 2 S? via our new attening technique. As an illustration f = Ya.» +
0:6Y2.1 is plotted on S2. The function f is pulled back onto M by . Right: sample
standard deviation of Fourier coe cients of for 47 subjects plotted over the index
of basis. In average, the traditional SPHARM representatio n (black) has 88% more
variability than the pull back method (red).

Since this is tautology, the order of the numerical accuracyin Z,, is identical to
that of spherical harmonics given in the previous section. here is no need for
additional validation other than given in the previous section. Hence we conclude
that our basis is in fact orthonormal within two decimal accuracy. Figure 4 shows
the result of our numerical procedure applied to the averageamygdala surface
template. The template surface is constructed using the telnique given in [3].
Although the pattern of tiling in the eigenfunction approac h (Figure 3) and the
pullback based method (Figure 4) looks di erent, it can be slown that they are
actually linearly dependent.

3 Application: Less Variance in Pullback Representation

As an application of the proposed orthonormal basis constration, we present
a new variance reducing Fourier Series representation thabutperforms the tra-
ditional spherical harmonic representation [2] [3] [6] [12[13]. We will call this
method as the pullback representation

The spherical harmonic (SPHARM) representation models thesurface coor-
dinates with respect to a unit sphere as

X X
p(;' )= PO Yim (57 ) (11)

1=0 m= |

wherep?, = p; Yim is2 are spherical harmonic coe cients, which can be viewed
as random variables. The coe cients are estimated in a leastsquares fashion



[3] [13]. The shortcoming of this well founded formulation s that the recon-
struction is respect to a unit sphere that is not geometricaly related to the
original anatomical surface. On the other hand, the pullbad representation will
reconstruct the surface with respect to the average templag¢ surface reducing
substantial amount of variability compared to SPHARM.

In the pullback representation, we represent the surface cordinates with
respect to the template surfaceM as

X X
p(;" )= Pim Zim (") (12)

1=0 m= |

with pt. = hp;Zmim . Then we claim that the pullback representation has
smaller variance in the estimated coe cients so that

Var(pi,)  Var(pd, ): (13)

The equality in (13) is obtained when the template M becomes the unit sphere,
in which case the spherical mapping collapses to the identity, and the in-
ner products coincide. We have computed the sample standardleviation of
Fourier coe cients for 47 subjects using the both represenations. In average, the
SPHARM contains 88% more intersubject variability compared to the pullback
representation (Figure 5 right). This implies that SPHARM i s an ine cient rep-
resentation and requires more number of basis to representusfaces compared
to the pullback method.

Although the pullback method is more e cient, the both repre sentations
(11) and (12) converge to each other a& goes to in nity. We have computed the
squared Euclidean distance between two representations maerically (Figure 6).
In average, the di erence is 0.0569 mm for 20 degree repres@ation negligible for
1mm resolution MR. Figure 6 also visually demonstrate that the pullback rep-
resentation converges to the true manifold faster than SPHARM again showing
the ine ciency of the SPHARM representation.
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