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The structure learning task

ol structure learning methods have two main components
1.1 a scheme for scoring a given BN structure

2.! a search procedure for exploring the space of
structures




Bayesian network structure learning

I we need a scoring function to evaluate candidate
networks; Friedman et al. use one with the form

score(G: D) =log P(G | D)
" logP(D1G)+1log P(G)

I I

log probability of log prior probability
data D given graph G of graph G

! where they take a Bayesian approach to computing P(D | G)
P(D|G) = [ P(D|G,0)P(© |G)d®

i.e. don’t commit to particular parameters in the Bayes net

The Bayesian approach to
structure learning

! How can we calculate the probability of the data without
using specific parameters (i.e. probabilities in the CPDs)?

! let’s consider a simple case of estimating the parameter of a
weighted coin...




The Beta distribution

| suppose we're taking a Bayesian approach to
estimating the parameter 0 of a weighted coin

! the Beta distribution provides an appropriate prior
[(a, +o,)
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P(0) = o (1-0)""

where
a, # of “imaginary” heads we have seen already

@, # of “imaginary” tails we have seen already

continuous generalization of
factorial function
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The Beta distribution

| suppose now we're given a data set D in which we
observe M, heads and M, tails

o, +M, +a,+M,)

', +M,)I'(a, + M,)

P(Q |D) = Gah+Mh_l(1 _ 6)0!, +M, -1

=Beta(a, + M, ,a, + M)

! the posterior distribution is also Beta: we say that the
set of Beta distributions is a conjugate family for
binomial sampling




The Beta distribution

I assume we have a distribution P(0) that is Beta(a,,, ;)

! what’s the marginal probability (i.e. over all 8) that our
next coin flip would be heads?

1
P(X = heads) = #P(X = heads|") P(") d"
0
$,
$,+8,
| what if we ask the same question after we've seen M
actual coin flips?

1
=# P d" =
0

a,+M,

P(X[M +1] = heads | x[1],....x[M]) = v
o, +a,+

The Dirichlet distribution

! for discrete variables with more than two possible values,
we can use Dirichlet priors

I Dirichlet priors are a conjugate family for multinomial data

"y #(%$i) A n$ 1
3 )_&i#($i) &

ol if P(0) is Dirichlet(a, . . ., ay), then P(6ID) is
Dirichlet(a,+M, . . ., ac+*My), where M, is the #
occurrences of the i value




Scoring Bayesian network structures

! when the appropriate priors are used, and all instances
in D are complete, the scoring function can be
decomposed as follows

score(G:D)=" ScorgX ,Pa(X,): D)
L parents of X
! thus we can

—I'score a network by summing terms (computed as just
discussed) over the nodes in the network

—!'efficiently score changes in a local search procedure

Bayesian score for variable X

Score(X;,Pa(X,): D) =

& o )
n (#xu:l: )
|0g E)c,-$Val(X,~)l| * (#xi [u + M['xiiu])
u$Va;(Pa(XA)) & )x‘$’Val(X~) i <#x-|u)
P Y, + M |

x; $Val(X;) *

Val(X,) possible values for variable X;

u vector of values for parent nodes
M[u] number of times u occurs in data set
M[ X ,u] number of times x, and u occurs in data set

! x| Dirichlet/Beta parameter P(x; | u)




The Bayesian approach to scoring
BN network structures

P(D1G)= [ P(DIG,0)P(©1G)d®

| we can evaluate this type of expression fairly easily because

—Iparameter independence: the integral can be
decomposed into a product of terms: one per variable

—1Beta/Dirichlet are conjugate families (i.e. if we start with
Beta priors, we still have Beta distributions after updating
with data)

—!Ithe integrals have closed-form solutions

Bayes net structure learning case study
[Friedman et al., JCB 2000]

! expression levels in populations of
yeast cells

! 800 genes
| 76 experimental conditions

| used two representations of the data

—! discrete representation (underexpressed,
normal, overexpressed) with CPTs in the
models

—! continuous representation with linear
Gaussians

M/G1




Two key issues

1.! Since there are many variables but data is sparse,
there is not enough information to determine the

“right” model. Instead, can we consider many of the
high-scoring networks?

2.! How can we tell if the structure learning procedure is
finding real relationships in the data? Is it doing
better than chance?

Using the bootstrap to identify
high-confidence features

I How can we consider many high-scoring models?

! Friedman et al. focus on finding two types of “features”
common to lots of models that could explain the data

—IMarkov relations: is Y in the Markov blanket of X?
—lorder relations: is X an ancestor of Y

Qxi

O




Markov blankets

! every other node Y in the network is conditionally independent
of X when conditioned on X's Markov blanket MB(X)

P(X | MB(X), Y)=P(X | MB(X))

! the Markov blanket for node X consists of its parents, its
children, and its children’s parents

39

Markov blankets

! why are parents of X's children in its Markov blanket?

! suppose we're using the following network to infer the
probability that it rained last night

Sprinkler-on

we observe the grass is wet; is the Sprinkler-on variable
now irrelevant?

no — if we observe that the sprinkler is on, this helps to
“explain away” the grass being wet




Estimating confidence in features:
the bootstrap method

ol fori=1tom

—!Irandomly draw sample S; (with replacement) from N
expression experiments

—!learn a Bayesian network B, from S,

| some expression experiments will be included
multiple times in a given sample, some will be left out.

! the confidence in a feature is the fraction of the m
models in which it was represented

Top Markov relations estimated by
bootstrap

Confidence Gene | Gene 2 Notes

1.0 YKL163W-PIR3 YKL164C-PIRI Close locality on chromosome

0.985 PRY2 YKRO12C Close locality on chromosome

0.985 MCD1 MSH6 Both bind to DNA during mitosis

0.98 PHO11 PHOI2 Both nearly identical acid phosphatases

0.975 HHTI HTBI Both are histones

0.97 HTB2 HTAI Both are histones

0.94 YNLOSTW YNLOSEC Close locality on chromosome

0.94 YHRI143W CTS!1 Homolog to EGT2 cell wall control, both involved
in cytokinesis

0.92 YOR263C YOR264W Close locality on chromosome

0.91 YGRO86 SICI Homolog to mammalian nuclear ran protein, both involved
in nuclear function

0.9 FARI ASHI Both part of a mating type switch, expression uncorrelated

0.89 CLN2 SVSI Function of SVS1 unknown

0.88 YDRO33W NCE2 Homolog to transmembrame proteins suggest both involved
in protein secretion

0.86 STE2 MFA2 A mating factor and receptor

0.85 HHF1 HHF2 Both are histones

0.85 METI10 ECM17 Both are sulfite reductases

0.85 CDC9 RAD27 Both participate in Okazaki fragment processing




Edge confidences estimated by bootstrap

edges from one run edge from bootstrap

Figure from Friedman, Science, 2004

Permutation testing: do the networks
represent real relationships

I how can we tell if the high-confidence features are
meaningful?

I compare against confidence values for randomized data —
genes should then be independent and we shouldn’t find

“real”’ features

conditions
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Confidence levels of features:
real vs. randomized data

Markov features order features
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Figure from Friedman et al., Journal of Computational Biology, 2000

Bayes net structure learning case study:
[Sachs et al., Science 2005]

| measured

—!levels of key molecules in (thousands of ) single cells,
discretized to low, medium, high

—111 phosphoproteins and phospholipds

| 1. Perturbations " 3. Correlated phospho-
2. Multiparameter measures per cell
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Figure from Sachs et al., Science, 2005




Causality

! given only observational data, there are many cases
in which can’t determine causality

Smokes  Lung-Cancer @ @
T

! these two networks explain the observations in the
table equally well

M m 4 mA4 M+
MM A -4 -4 Mo

How to get at causality?

! Observing how events are related in time can provide
information about causality.

time

v

| |
smokes smokes cancer cancer
I | | |
|

20-Year Lag Time Between Smoking and Lung Cancer

Cigarette
Consumption 15(
(men) Lung
00 Cancer
(men)

1900 1920 1940 1960 1980
Year




Vali Chandrasekaran, Bloomberg/Businessweek

But, be careful...

Fig.1 - Fig.3
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How to get at causality?

! Interventions — setting variables of interest to specific
values — can provide information about causality.
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Interventions in Sachs et al.
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Figure from Sachs et al., Science 2005

Scoring Bayesian network structures
with interventions

! recall that the scoring function can be decomposed as follows

score(G: D) = E ScorgX,,Pa(X;): D)

! when calculating the score for X, leave out the instances for
which an intervention manipulated X




Sachs et al. computational experiments

! Simulated-annealing search with add-edge, delete-edge,
reverse-edge operators

! repeated 500 times with different initial random graphs
*! final model includes edges with confidence > 85%

| to evaluate importance of large data set of single-
cell measurements with interventions, constructed
control data sets

1. small
2.! observation-only
3.! population-average

Evaluating the consensus model
learned by Sachs et al.

A Model inference result B Features of approach
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The value of interventions, data set
size and single-cell data

A,
Lacking
Intervention
data

B.
Truncated
Dataset

C.
Averaged
Dataset
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Summary of BN structure learning

structure learning often cast as a search problem
the sparse candidate algorithm is more efficient than a naive greedy

search -- takes advantage of assumption that networks in this

domain are sparsely connected

we can score candidate networks efficiently because of parameter

independence (overall score is a sum of local terms)
we can score candidate networks efficiently with a Bayesian

approach if we use conjugate priors

high scoring network structures can be characterized using a

bootstrapping approach that considers order and Markov-blanket

features

the significance of such features can be calculated using

permutation testing

we can gain more information about causality via time-series and

interventions




