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The Inference Task in Bayesian Networks

Given: values for some variables in the netwakidence,
and a set ofjueryvariables

Do: compute the posterior distribution over the query variables

¥ variables that are neither evidence variables nor query variab
arehiddenvariables

¥ the BN representation is flexible enough that any set can be t
evidence variables and any set can be the query variables



Inference by Enumeration

¥ suppose we have the following BN with 5 Boolean variables
¥ we user to denoted=true, andAa to denote4=false
¥ suppose w@e given the quenP(a|d, e)
(probability a is true given thatl ande are tru®
¥ from the graph structure we can compute this by:

Qi P(al|d,e)=" H# P(a)PD)P(c |a,b)P(d |c)P(e|c)
()

b ¢

normalizing .
constant sum over possible
valuesfor B and C

Q G variables

Inference by Enumeration

P(a|d,e)="# # P(a)P(b)P(c|a,b)P(d|c)P(e|c)

b ¢

=" P(a)# # P(b)P(c |a,b)P(d |c)P(e|c)
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Inference by Enumeration

¥ now do equivalent calculation for R4 | d, €)
¥ and normalize

" # # P(a)P(b)P(c|a,b)P(d |c)P(e|c) +

b c

" # # P(Aa)P(b)P(c|Aa,b)P(d |c)P(e|c) =1

b ¢

Exact Inference

¥ inference by enumeratias anexactmethod (i.e. it computes
the exact answer to a given query)

¥ it requires summing ovexjoint distribution whose size is
exponential in the number of variables

¥ can we do exact inference efficiently in large networks?
b in many cases, yes
b key insight: save computation by pushing sungard



Potentials

¥ we can represent a CPT or a full joint distribution in this forma

d e f .8
D E | P(F) ~
d e Af| 2
T T | o8 Tz 15
e .
T F 05 ! py py
d | Ae | Af| 5
F T 0.2 py
Ad e f 2
F F 0.7 py py
Ad| ¢ | Ar| 8
Ad | Ae| f | 7
Ad | Ae | Af| 3

¥ when we (temporarily) ignore meaning of table, we call it a
potentiat a table of non-negative values with no further
constraints

Multiplying Potentials

¥ domain of (variables in) result is the union of domains of
input potentials

¥ for each cell in result, multiply all input cells that agree on
variable settings

a b c .02
a b Ac| 04
a b A b c 2 —
= = a Ab c .06
a Ab 2 | b Ac 4 _ = =
S — —_ a Ab | Ac | .10
Aa b 5 Ab c 3 =
Py Py — —~ Aa b c .10
Aa Ab .8 Ab | Ac 5 p =
Aa b Ac | .20
Aa |Ab| ¢ | 24
Aa | Ab | Ac | 40
a b A a b .8 a b .08
a Ab| 5 | a Ab 7 _ a Ab | 35
Aa b 4 Aa b 9 Aa b .36
Aa |Ab| 1 Aa | Ab | 8 Aa | Ab | 08




Marginalizing and Normalizing Potentials

¥ can also marginalize (sum out a variable) potentials

a b d
a Ab 5 I a
Aa b 2 | Aa 9
Aa | Ab | 7 * B

¥ and normalize them
a | b | 2 a | b |.067
a |Ab| 5 | a | Ab | .333
Aa | b 2 Aa| b |.133
Aa | Ab | 7 Aa | Ab | 467

Key Observation
#A(Pl" PZ)=(#AF’1) "B, if AisnotinP,

b c a .01

b c Aa | 02
a b 1 b c 1 b | Ac .04 b c | 03
a |Ab| 2 I b |Ac| 4 — b | Ac| Aa| 08 I b | Ac| 12
Aal| b | 2| ° Ab| ¢ | 3 Ab| ¢ | a | 06| " Ab| ¢ | 15
Aa|Ab| 3 Ab | Ac| 1 Ab| ¢ [Aal oo | |, [Ab[Ac] o5

Ab | Ac| a | 02

Ab | Ac | Aa| 03

¥ can marginalize (sum ouf) before multiplying in this case,
resulting in a smaller intermediate table

a | b 1 b c | 1 b | ¢ | .03
a |Ab| 2 | b I b |Ac| 4| _ b | Ac| 12
Aa| b | 2 | Ab Ab| ¢ | 3| [Ab]| ¢ | 15
Aa | Ab| 3 L Ab | Ac| 1 Ab | Ac| 05




Variable Elimination

¥ consider answering the que?yD) with following network
OO

¥ this entails computing

PD)="" " P@P(bla)P(clb)P(DIc)

a b c

¥ but we can do this more efficiently by pushing the sums in

P(D)=" P(D[c)" P(c|b)" P(a)P(b|a)

c b a

Variable Elimination Procedure

given: Bayesnet, evidence for variables I query variable)
initial potentials are th€PTs
repeat until only query variable remains
choose a variablX to eliminate
multiply all potentials that contaid
if Xis notinV
sumX out; replace potential by new result
else
removeX based on evidence
normalize remaining potential to get final distribution oQer



Variable Elimination Example

¥ suppose the query BF | ¢)
¥ let@ eliminate variables in order

G A,B,C D,E
0.2
A | B R A | PO
T 0.8 T 0.1
F 0.3 e F 0.6
B | PD) e c | PE
T 0.4 05
0.7 F 0.9
D E | P(F) G
T T | o8
T F | o5
F T |02
F F | o7

Variable Elimination: Eliminating A

1. multiply all potentials that involve

b c a .016
b ¢ | Aa| 144
a b 8 a c 1 —
— — b |Ac| a | .144
2 | a Ab 2 | a Ac 9 _ — —
— — : - = b | Ac | Aa | .09
Aa 8 Aa b 3 Aa c 6 -
= = — — Ab c a .004
Aa Ab N Aa | Ac 4 — —
Ab| ¢ | Aa| 336
Ab | Ac| a | .036
R Ab | Ac| Aa| 20
2. eliminate4 by summin ] A
. e a Yy Su g ou s | Ac | o4
Q Ab| ¢ | 34
Ab | Ac| 26



Variable Elimination: Eliminating B

1. multiply potentials involving3

¢ d b | .064
¢ d | Ab | .238
b d 4 b c .16 Py
‘ h ¢c |Ad| b | .0%
b |Ad| 6 || b | Ac| 24 _ = =
! b = ¢c |Ad| Ab | 202
Ab | d 7 Ab| ¢ | 34 =
k . h . Ac| d b |.09%
Ab | Ad| 3 Ab | Ac| 26 p -
Ac| d | Ab | 182
Ac | Ad| b | .144
Ac | Ad| Ab | .078
o . c d | .302
2. eliminateB by summing out A7 108
Ac| a4 | .278
Ac | Ad | 22

Variable Elimination: Eliminating C

1. multiply potentials involving”

c d e 151
c d | Ae| 151
c d .302 c e 5 —
p - c Ad e .099
c Ad | 198 | c Ae 5 _ — —
— . — —_ c Ad | Ae | .099
Ac d | .278 Ac e 9
Ac | Ad | 222 Ac | Ae| 1

2. we have evidence fof’, so eliminate
values corresponding #c¢




Variable Elimination:

1. multiply potentials involvind

d e | 151
d |Ae| 151
Ad | ¢ | 099
Ad |Ae| 099

Variable Elimination:

1. eliminateE

(D
P(F |c)

Eliminating D

e f d A
e f | Ad| 4
e | Af| d 9
| e | Af|Ad| 6
Ae | f d 3
Ae | f | Ad| 9
Ae | Af| d | 7
Ae | Af | Ad| 1
2. sum ouiD

e f |.055
e | Af| 195
Ae | 1 | 134
Ae | Af | 116

2. normalize to get
final answer

e | f | 4 |.015
e f | Ad | .040
e | Af| d | .136
e | Af| Ad| .059
Ae | f | a | 045
Ae| f | Ad | 089
Ae | Af| d | .106
Ae | Af | Ad | .010

e | f |.055

e | Af|.195

Ae | f | 134

Ae | Af| 116

Eliminating E

189

311

378

622




Variable Elimination

Inference by Enumeration
¥ multiply all CPTsin Bayesnet (any order)
¥ eliminate some cells based on evidence

¥ marginalize down to query variable (sum out others in any
order)

Variable Elimination

¥ multiply CPTs but sum out a variable once @e included
all tables that use it

¥ i.e. push the sums in as far as we can

Variable Elimination as a
Graph Transformation

¥ initial graphis undirected version &ayesnet

¥ when we eliminate a variable we create @otential that
containsX and theset of variablesY it appears with in potentials

¥ eliminatingX transforms graph by adding edges between all
variables inY

for the ordering A, B, C, D, E we get
the dashed edges added




Variable Elimination as a
Graph Transformation

¥ the cligues of this graph correspond to the intermediate result
potentials we calculated

b | .064
Ab | 238
Ad| b |.09%
d| Ab | .102
Ac| d b | .09
Ac| d | Ab | 182
Ac|Ad| b |.144
Ac | Ad| Ab | 078

c
c
c
c

¥ the size of the potentials correspond to the size of the cliques

Choosing the Elimination Ordering

¥ keep in mind thisnduced graplilepends on the ordering

¥ the time complexity is dominated by the largest potential we
have to compute (largest clique in induced graph)

¥ therefore, we want to find an ordering that leads to an inducec
graph with with a small largest clique

¥ finding the optimal ordering is NP-hatoljt there are some
reasonable heuristics



Greedy Elimination Ordering

given. aBayesnet represented as an undirected gi@ph
an evaluation functioh

initialize all nodes irGG as unmarked

for k= 1 to number ohodes
select unmarked variabh¢ that minimized(G,X)
I(X) =k
add edgesn G between all neighbors of
mark X

return: variable orderind

one reasonable choice fiois min-fill : the number of edges that
need to be added to the graph dugg@limination

Comments on BN Inference

in general, th&ayesnet inference problem is NP-hard (or
harder)

exact inference is tractable for many real-world graphical
models, however

there are many methaods for approximate infer&hget an
answer which i€xloseO

in general, the approximate inference problem is NP-hard
as well

approximate inference works well for many real-world
graphical models, however

K K K KK



