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VVhat is a pairwise
alignment!?

matching of homologous positions in two
sequences

positions with no homologous pair are
aligned with a space -’

CA—£;;TTCGAAT

CGCCGATT---AT
~_—
gap
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Global alignment
properties

® colinearity: homologous positions must be
in same order and orientation

“
.
.
.
.
.
.
“
*

o complete:all sequence positions are aligned

CA--GATTCGAAT . .GATTC. ...

CGCCGATT---AT eeo .GATT-..
Global (complete) Local (incomplete)
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Classical alignment

® Define features of interest in alighments
® # matches, mismatches, spaces, gaps, etc.

® Assign weights (the parameters) to each
feature

® Optimal alignment = alighment with
maximum weight

® Exponentially-many possible alighments --
we can not score each one separately

® Dynamic programming to find optimal
alignment
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Picking Alignments

TGTTGTGTGATGTTGATTTCTTTACGACTCCTATCAAACTAAACCCATAAAGCATTCAATTCAAAGCATATA------------
T----TTTGATGTTGATTTCTTTACGAGTTTGATAGAACTAAACCCATAAAGCATTCAATTCGTAGCATATAGCTCTCCTCTGC

* X KKKk XKXKXKXKXKXXXXXXXXXXXX X * X X Xk Xk Xk Xk Xk Kk XK XX XXXXXXXXXXXXXXXX X X X X X X X X
——————— CATGTGAAAATCCCAGCGAGAACTCCTTATTAATCCAG--------------------CGCAGTCGGCGGCGGCGGC
CATTCGGCATGTGAAAA------------- TCCTTATTAATCCAGAACGTGTGCGCCAGCGTCAGCGCCAGCGCCGGCAGCAGC
X X X X X X X X X X X K XK XK XK XXXXXXXXXX X X X XX XXXX XX Xx
GCGCAGTCAGC---------- GGTGGCAGCGCAGTATATAAATAAAGTCTTATAAGAAACTCGTGAGCG---------------
-CGCAG-CAGCAAAACGGCACGCTGGCAGCGGAGTATATAAATAA--TCTTATAAGAAACTCGTGTGAGCGCAACCGGGCAGCG
X X X X X XX xx X XXX XXXXX XXXXXXXXXXXxx XXk XX XxXxXxXxXxkxxxxxxxxx x x

- --AAAGAGAGCG-TTTTATTTATGTGCGTCAGCGTCGGCCGCAACAGCGCCGTCAGCACTGGCAGCGACTGCGAC
GCCAAAGAGAGCGATTTTATTTATGTG-------=---------- ACTGCGCTGCCTG---------- GTCCTCGGC

Xk Kk KXk XkXXXX XKXXXXXXXXXXXX X% XXxxXxx*x X *x X * X X X X

Alignment summary: 27 mismatches, |12 gaps, | 1 6 spaces

TGTTGTGTGATGTTGATTTCTTTACGACTCCTATCAAACTAAACCCATAAAGCATTCAATTCAAAGCATATACATGTGAAAATC
T— -- —TTTGATGTTGATTTCTTTACGAGTTTGATAGAACTAAACCCATAAAGCATTCAATTCGTAGCATATAGCTCTCCTCTGC

%k %k %k %k K %k k kK 5k %k k Xk %k %k Xk Xk %k k Xk k k X X X k% %k %k %k X %k % Xk X % % X% % % Xk % % % X% % % % % % % % X % % Xk X % % E I 3
CCAGCGAGA- - - - - - ACTCCTTATTAATCCAGCGCAGTCGGCGGCGGCGGCGCGCAGTCAGCGGTGGCAGCGCAGTATATAAAT
CATTCGGCATGTGAAAATCCTTATTAATCCAGAAC - - - = = = = = = = = = o oo oo e oo oo
* X X * %k %k 3k ok K %k koK Xk 3k k X Xk k Xk X *

AAAGTCTTATAAGAAACTCGTGAGCGAAAGAGAGCGTTTTATTTATGTGCGTCAGCGTCGGCCGCAACAGCGCCGTCAGCACTG
-------------------------------------------- GTGTGCGCCAGCGTCAGCGCCAGCGCCGGCAGCAGCCGCA

XXXk XXX XXXXXXX XX X X X X X X X X X X

GCAGCGA - = - = = = = = = = = = o m o o oo
GCAGCAAAACGGCACGCTGGCAGCGGAGTATATAAATAATCTTATAAGAAACTCGTGTGAGCGCAACCGGGCAGCGGCCAAAGA

XX XXX X

---------------------------------- CTGCGAC
GAGCGATTTTATTTATGTGACTGCGCTGCCTGGTCCTCGGC

* * X X

Alignment summary: 45 mismatches, 4 gaps, 214 spaces
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Breaking into
subproblems

® Consider optimal alignment of first i
characters of sequence x and first |
characters of sequence y

® Three possibilities for last column of
optimal alignment:

|. xiand y;aligned to each other
2. xialigned to space

3. yjaligned to space
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3 Cases

Fi;: score of best alignment between first i characters of x
and first j characters of y

|. x; and y;aligned to each other

Fij = Fie1j-1 + s(xiy))

2. Xxjaligned to space score of aligning xi to y,
(substitution matrix)

\score of a space

Fij = Fiij t e

3. yjaligned to space

Fij = Fij-1 t e
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Needleman-Wunsch

® Parameters = Substitution matrix (s) & space
score (e)

® F(i,j) = Score of optimal alignment of length i
prefix of x and length j prefix of y

F(i—1,5—1)+s(zs,y;),
F(i,j) =maxq F(i—1,7)+e,
F(i,7—1)+e
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C G

Foo | Foi | Fo2
C

Fio | Fii | Fi2
A

Foo | Fo.1 | F22
G

Fso | F31 | F32

Alignment matrix

Fij = max Fi.ij + e
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Needleman-VYVunsch
Algorithm

Starting with Fop fill in alignment matrix

Score of optimal alignment will be Fnm
(bottom-right corner), where |x| = n and

ly| = m

Traceback to obtain an optimal alignment

Tuesday, March 4, 2008
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Traceback

® When computing alignment matrix entry,
keep track of which term(s) gave the
maximum (i.e., the argmax)

® Store pointer from each cell to best

previous cell
® Alignment = path from Fnm to Foo |
® diagonal edge:align x; to ; A
® horizontal edge: gap Y; Xi Fi-l’j-vlg\Fi-fl ’j
® vertical edge: gap X Fij-1 4= Fij
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Affine gap scores

Additional score for “gaps’: d

Maintain three matrices, for optimal
alignments ending in a...

match/mismatch: H(i,j)
insertion: I(i,))

deletion: D(i,))
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Affine gap scores
H(i— 1,5 — 1)+ s(xi, ),
H(i,j) =max{ I(i—1,7— 1)+ s(z,y;),
D(i—1,5 — 1)+ s(z;,y;),
H(27]_1)+d+67
I(i,j) =max< I(i,j—1)+e,
D(,j—1)+d+e
H(Z—l,])+d—|—€7
D(i,j) =max<{ I(:—1,7)+d+e,
D(i—1,5)4e

® Termination: take max of H(m,n), I(m,n), D(m,n)
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Choosing parameters

® No standard way of choosing weights for
classical alignment

® Usually very subjective

® Repeat alignment with different weights
until alignment “looks good”

® We rarely have training data

® We don’t know the evolutionary “truth”
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Statistical alignment

® Treat alignment probabilistically

® Parameters represent probabilities of
substitutions, insertions, deletions occurring

® Every alignment assigned a

® classical alignment corres
maximum likelihood align

® Parameter estimation is now

brobability

bonds to finding
ment

possible
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Hidden Markov models

® Fach state emits a single character

% hidden: $333422E

observed: ATAGGC

g

Tuesday, March 4, 2008
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Pair Hidden Markov Models

® Fach non-silent state emits one or a pair of
characters

hidden. BHH | | HDHE
AAGCG C
AT GTC

/

sequence |:AAGCGC
sequence 2:ATGTC

observed:

Tuesday, March 4, 2008
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Transition probabilities

® Probabilities of moving between states at each
step state i+|

state |
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Emission probabilities
® Begin (B),and End (E) states silent

® Possible emission probabilities for H, |, D:

Deletion (D) Insertion (I)

Homology (H)

A1 0.3

0.13 | 0.03 | 0.06 | 0.03
@ | 0.2

0.03 | 0.13 | 0.03 | 0.06
€ 0.3

0.06 | 0.03 | 0.13 | 0.03
T 02 0.03 | 0.06 | 0.03 | 0.13

single character

single character

pairs of characters
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PHMM Paths = Alighments

Observed sequences Possible path
x:AAGCGC BHHI IHDHE
y:ATGTC

AAGCG-C
AT - -GTC
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Computing alignments
with PHMMs

® “optimal alignment” < “most likely alignment”

® most likely alignment = argmax P(A | x,y)

® most likely alignment = most likely path

® most likely path is given by Viterbi algorithm
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PHMM Viterbi

® Probability of most likely sequence of hidden
states generating length i prefix of x and
length j prefix of y, with the last state being:
?}H(Z — 1,j — 1)tHH7
H  v"(i,) = eu(ziy;) max § o' (i —1,j — Dtrm,
vP(i— 1,5 — Ditpn
v (i, 5 — Dtgr,
I v'(4,7) = er(y;) max q v’ (i, j — 1)t
vP(i,j — 1)tpr
UH(Z T 17j)tHD7
D vP(i,j) = ep(z;) max { vl (i —1,5)trp,
vP (i —1,5)tpp

for ¢ > 0 and j > 0, formulas are slightly different for ¢ = 0 and/or j =0
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PHMM alignment

® Calculate probability of most likely alignment

vE(m, n) = maa:(vM(m, ntye, ful(m, n)tre, vD(m, n)tpg)

® [raceback, as in Needleman-Wunsch, to
obtain sequence of state states giving highest
probability

HIDHHDDIIHH...
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Correspondence with NW

® NW values = logarithms of PHMM Viterbi

values

log v™ (i, j) = log em (i, ;) + max 4

log v’ (i,7) = loger(y;) + max

logv®”(i,7) = logep(x;) + max

( logvH(i—1,57—1)+logtmm,
long(z’ —1,7—1)+logtry,

\ logvP (i — 1,5 — 1) +logtpy

log vt (i,7 — 1) +logtyr,
logv!(i,j — 1)+ logtsr,
logv” (i,j — 1) +logtps

logv (i —1,7) + logtup,
log vI(z’ —1,7) +logtrp,
log vP(i — 1, 7) + log tpp

Tuesday, March 4, 2008
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PHMM Forward

® Probability of all sequences of hidden states
generating length i prefix of x and length |
prefix of y, with the last state being:

H 76 =ea(ziy)(f" -1, Dtgug+ fG—1,j—Dtrg+ 26 —1,7— 1)tpn)
| 1G,9) = er(y) (F7 (i, 5 — Dtgr + 16,5 — Dt + f236,5 — Vtpr)
D P, 5) =ep(x)(f (G — 1, )tap + (i —1,5)tip + f2(i —1,5)tpp)

P(xay) — fE(mvn) — fH(man)tHE + fl(man)tIE T fD(mvn)tDE

for ¢ > 0 and j > 0, formulas are slightly different for ¢ = 0 and/or j =0
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Posterior probabilities

® There are similar recurrences for the backward
values (probabilities of suffixes, given a start
state)

® From the forward and backward values, we can
calculate the posterior probability of the event
(eventi;s) that the path (alighment) passed
through a certain state S, after generating length
i and j prefixes

P(x,y, eventi;s) = £(i,j)b>(i,))
P(x,y) = P(x,y, eventnme) = ff(n,m)bE(n,m) = ff(n,m)
P(eventi;s | x,y) = fs(i,j)bs(i,j)/P(x,y) = fs(i,j)bs(i,j)/fE(n,m)
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Uses for posterior
probabilities

® Suboptimal sampling of alignments

® Posterior probability of pairs of residues
being homologous (alighed to each other)

® Posterior probability of a residue being
gapped

® Used for training model parameters (EM)

Tuesday, March 4, 2008
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Posterior probabilities

(a)

0

MVLSPADKTNVFAANGVGAHAGEYGAEAL ERVIFLSFPTT -KTY- - FPHF - - -DLSHGSAQVKGHEKVADA LTNAVARVDDVPNA L SALSDLHAHKLRVDPYNF -KLLSHCL LVTLAAHLPAEF TPAVHASLDKF LASVSTVLTSKYR- - - -- -
MGLSDGEWQLVLNWAGKVEAD | PGHGREVL | RLFKGHPETLEK FDKFKHLKSEDEVKAS EDLKKHGATVL TALGG | LKKKGHHEAE | KPLAQSHATKHK | - PVKYLEF | SEC! | QVLQSKHPGDFGADAQGANNKA L ELFRKOMASNYKELGFQG

(b)

0

MVLSPADKTNVKAANGKVGAHAGEYGAEALERVFLSFPTTKTYFPHF - - - - - - DLSHGSAQVKGHGKKVADALTNAVAHVECVPNAL SALSDLHAHKLRVDPVINFKL L SHCL LVTLAAHLPAEFTPAVHASLDKF LASVSTVLTSKYR- - - - -
MGLSDGEAQLVLNWAGKVEAD | PGHGQEVL | RLFKGHPETLEKFDKFKHLKSEDBVKAS EDLKKHGATVL TALGG | LKKKGHHEAE | KPLAQSHATKHK | PVKYLEF | SECI | QVLQSKHPGDFGADAQGAVINKAL EL FREEMASNYKELGFQG

Plot posterior probability of each alignment column
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Parameter training

® supervised training

® given: sequences and correct alighments

® do: calculate parameter values that maximize
joint likelihood of sequences and alignments

® unsupervised training

® given: sequence pairs, but no alignments

® do: calculate parameter values that maximize

marginal likelihood of sequences (sum over
all possible alignments)
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A better PHMM

Dewey, 2006
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Silent state elimination

e+(1-€)6/2

/

-

18)16T) (1-e)1
(

1-€)5/2 \

(1-€)0/2

BEGI

BEG%/ 6/2 END
>
6T45 O

6/2

{
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Alignment summaries and PHMMs

Probability of alignment with m matches, x mismatches, g
gaps and e spaces:

Pl () () (52 ()

1 : probability of mismatch Y| : size of alphabet

Transform to log space:

o (B) ()

G = log (5(122 €)> S = log (ﬁ)

logP(m,xz,9,s) =M -m+X -24+G-g+5-s+logr
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Conclusions

® Statistical alignment with PHMM is
essentially equivalent to affine gap NW
alignment

® Main advantages of statistical approach:

® Parameter learning (supervised &
unsupervised)

® Posterior probabilities on alighments and
alignment features

® Slight disadvantage: slower due to floating
point arithmetic (on some machines)
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