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Biologists score an alignment using

a b! ab¥ Substitution score        for replacing    by

!! + " #¥ AfÞne gap penalty             for a gap of length

! Gap-open penalty     per gap   !

! Gap-extension penalty     per insertion or deletion!

γ ! f ! ," ,# (A )Together    ,    ,     specify the scoring function               .    σ
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Motivation

In practice the question inevitably arises,

What are the right values 
of    ,     ,     to use?! ! !

σ
¥ Biologists conventionally use PAM or BLOSUM matrices for 

substitution scores

¥ No standard for choosing gap penalties    ,! !
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Motivation

Inverse parametric alignment is an objective way to 
resolve this question.  Informally,

This learns the right values from examples.

Examples could be alignments of protein structures.

Given

¥ examples of correct alignments,

Þnd

¥ values for the parameters such that

¥ each example is an optimal scoring alignment of its strings.
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Related work

¥ DeÞned three variations (optimal, near-optimal, unique-
optimal)

¥ Solved all three in polynomial-time for linear scoring functions

¥ Ran fast (200 parameters, 200 examples, 4 minutes)

Inverse parametric alignment for arbitrarily many parameters 
and examples was Þrst solved by Kececioglu, Kim (2006).

Similar approach for parametric spanning trees was 
independently discovered by Eppstein (2003).
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¥ Discriminative training on conditional random Þelds by
Do, Gross, Batzoglou (2006);
requires solving a nonlinear optimization problem

¥ Support vector machine incorporating alignment recovery by 
Yu, Joachims, Elber, Pillardy (2007);
requires solving a quadratic optimization problem

Alternate machine learning approaches include

Our approach uses linear programming, and for the Þrst time 
rigorously addresses missing data.
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¥ Rigorously treats partial examples

¥ Improves the model to minimize average error

¥ Boosts the recovery rate for multiple alignment by up to 25%

¥ Runs fast (200 parameters, 200 examples, 4 hours)

For inverse alignment, our approach
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Inverse alignment

The basic Inverse Alignment Problem is:

This may have no solution.

A 1, . . . , A k¥ example alignments                   of strings, and
Given

¥ a scoring function      with parameters                          ,f p p = (p1, . . . , pt)

Þnd
x = (x1, . . . , xt )¥ values                            for the parameters such that

A i f x¥ each      is an optimal alignment of its strings under     .
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¥ (Error model)  When the examples cannot be made optimal, 
they can be made near-optimal by minimizing score error.

¥ (Missing data)  For alignments that have missing data, we 
consider partial examples.

We generalize inverse alignment in two directions.
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¥ In unreliable columns, the alignment is not speciÞed.

In practice not all columns in an example are reliable.

¥ Such alignments are called partial examples.

¥ Alignments with all reliable columns are complete examples.

aahEFCAv-AWETTHgqvmik
h--WGCPgvAWLTTIvmh---

reliable

unreliable
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Our approach to partial examples uses completions.

-v
gv

gqvmik
--vmh-

AWETTH
AWLTTI

aah
--h

EFCA
WGCP

aahEFCAv-AWETTHgqvmik
h--WGCPgvAWLTTIvmh---partial exampleA

completionA

We compute an optimal completion      using a Þxed 
parameter choice    .x

A
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¥ a scoring function      with parameters                          ,f p p = (p1, . . . , pt)

Þnd
¥ a parameter vector

where      is either         or        .E Eabs Erel

This minimizes over all completions of the examples.

Given
¥ partial examples                   andA 1, . . . , A k

Inverse Alignment from partial examples with error  
model     isE

x! := argmin
x " D

min
A 1 ,..., A k

E(x),
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Our approach

¥ Address partial examples using completions

¥ Reduce this transformed instance to a linear program

¥ Eliminate degenerate solutions to the linear program

¥ Solve the linear program by a cutting plane algorithm

For absolute error on partial examples, our approach is to

For relative error on complete examples, inverse alignment 
was solved in polynomial time by Kececioglu, Kim (2006).
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Reduction

We reduce Inverse Alignment to Linear Programming 
as follows.

We can solve this system in polynomial time, even though it 
has an exponential number of inequalities!

¥ The objective is to minimize the average absolute error

f x (A i ) ! f x (B) " ! i

A i B¥ For each      and every alignment     of the example strings, 
the system has an inequality

1
k

∑

1! i ! k

! i
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Solving the linear program

iff

¥ report that    satisÞes    , orx L

Linear program     is 
solvable in polynomial time

L

We can solve the separation problem for    examples on 
strings of length     in             time.

k
n O(kn2)

xGiven a candidate solution    , either

the separation problem for     
is solvable in polynomial time.

L

Theorem (Equivalence of Optimization and Separation)

The separation problem for a linear program     isL

¥ Þnd an inequality of     violated by   .L x
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Solving the linear program

In practice, we solve the linear program using a
cutting plane algorithm.

Cutting plane algorithms are often fast in practice.

L1. Start with a subset     of the inequalities inP

2. Find an optimal solution    to     (if no    exists,     is infeasible)LP!x !x

3. Call the separation algorithm for     on    .
If     satisÞes    , output     (it is an optimal solution to    )

L !x
L L!x !x

4. Otherwise, add the violated inequality to    ,
and loop back to Step 2

P
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Solving the linear program

¥ Bounding box inequalities                     

¥ Identity inequalities 

¥ and a nondegeneracy inequality ...

We initialize     to the domain     given byDP

(0, 0, 0) ! (σab, γ, λ) ! (1, 1, 1)

a != bfor all pairsσaa ! σab
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Eliminating degenerate solutions

¥ The following trivial solutions are degenerate

¥ We eliminate trivial solutions by adding to     the inequality P

Degenerate solutions achieve zero error  by giving all 
alignments the same score.

where     is the difference between the expected score of a 
random substitution and identity for a default scoring scheme.

!

!

a,b: a!= b

2papb ! ab !
!

a

p2
a ! aa " " ,
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!
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Approach for partial examples

We iteratively solve problems on complete examples.

3. Compute the optimal completions      using parametersA
!

x!

1. Start with initial completions      using default parametersA x

2. Compute optimal solution     for the complete examplesx! A

Denote the values computed at the   th iteration by 
       and       .x( j ) A

( j )
j

4. Set                and loop back to Step 2 
until error for     converges

A := A
!

x!
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e1 ≥ e2 ≥ ááá ≥ e! ,

ej := E
!
x( j ) "

For the iterative approach to partial examples, let error

A
(j ! 1)
iE Eabs Erelwhere      is         or        for completions           .  Then

e!where      is the optimal error for partial examples      .A i

Hence the approach converges, but not necessarily to     .e!

Theorem (Error Convergence for Partial Examples)
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Experimental results

Our examples are drawn from the PALI suite.

¥ PALI (2003) contains 1700 benchmark multiple alignments of 
all SCOP (1995) protein families.

¥ Our partial examples come from induced pairwise alignments 
in these benchmarks.

¥ Benchmarks were computed by structural alignment using 
MUSTANG (2003).

¥ All PALI alignments with at least 7 sequences and nontrivial 
gaps constitute 100 benchmarks.
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Error and recovery improve across the iterations

As error decreases,
recovery rate increases.

This also holds for 
relative error.
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Pairwise alignment Multiple alignment
absolute relative BLOSUM6

2
absolute default

c.95.1.1 48% -13 -9 70% -25
e.3.1.1 51% -17 -4 77% -11

c.95.1.2 69% -36 -23 83% -18
b.43.3.1 76% -19 -17 93% -11
d.81.1.1 86% -18 -16 98% -13
b.1.8.1 91% -5 -12 99% -9

mean 79% -14 -10 92% -9

Experimental results

Recovery rates for benchmarks fromS

Absolute model outperforms BLOSUM62 and Opal default.



Experimental results

Recovery rates for cross validation tests



Experimental results

Recovery rates for cross validation tests

Training set Test set
Dataset examples% identity

200 33 83 85 82
150 35 83 86 82
150 32 83 84 81

U P Q

Q̃

!P

!U



Experimental results

Recovery rates for cross validation tests

Training set Test set
Dataset examples% identity

200 33 83 85 82
150 35 83 86 82
150 32 83 84 81

U P Q

Q̃

!P

!UExamples in
are sampled   
from X

!X



Experimental results

Recovery rates for cross validation tests

Training set Test set
Dataset examples% identity

200 33 83 85 82
150 35 83 86 82
150 32 83 84 81

U P Q

Q̃

!P

!U



Experimental results

Recovery rates for cross validation tests

Training set Test set
Dataset examples% identity

200 33 83 85 82
150 35 83 86 82
150 32 83 84 81

U P Q

Q̃

!P

!U



Experimental results

Recovery rates for cross validation tests

Similar recovery suggests absolute model generalizes well.

Training set Test set
Dataset examples% identity

200 33 83 85 82
150 35 83 86 82
150 32 83 84 81

U P Q

Q̃

!P

!U



Experimental results

Recovery rates for cross validation tests

Similar recovery suggests absolute model generalizes well.

Training set Test set
Dataset examples% identity

200 33 83 85 82
150 35 83 86 82
150 32 83 84 81

U P Q

Q̃

!P

!U



Experimental results

Recovery rates for cross validation tests

Single iteration takes 40 minutes with 4,000 cutting planes.
Similar recovery suggests absolute model generalizes well.

Training set Test set
Dataset examples% identity

200 33 83 85 82
150 35 83 86 82
150 32 83 84 81

U P Q

Q̃

!P

!U



Experimental results

Recovery rates for cross validation tests

Single iteration takes 40 minutes with 4,000 cutting planes.
Similar recovery suggests absolute model generalizes well.

Training set Test set
Dataset examples% identity

200 33 83 85 82
150 35 83 86 82
150 32 83 84 81

U P Q

Q̃

!P

!U

Each dataset takes 6 iterations.
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Conclusion

We have developed an improved approach to inverse 
parametric alignment.

¥ Rigorously treat partial examples

¥ Improve the model to minimize average error

¥ Boost the recovery rate for multiple alignment by up to 25%

¥ Achieve good parameter generalization to other families

¥ Run fast (200 parameters, 200 examples, 4 hours)
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Future research

¥ Learn hydrophobic gap penalties

¥ Incorporate example recovery directly into the formulation

¥ Use regularization for better generalization

We want to take this work in several directions.
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