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Why networks?

• Biological function arises through the 
interaction of molecules

• DNA

• RNA

• Proteins

• Small molecules
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Classes of cellular 
networks

• Metabolic networks: represents enzyme-driven reactions 
that transform substrates to products

• Signaling networks: chains of cellular components that 
transmit an external stimulus to an internal command

• Regulatory networks: describes interactions controlling 
expression of genes

• Protein-protein interaction (PPI) networks: general network 
indicating which proteins interact with each other

• All of these networks are related
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Representations of 
cellular networks

• Undirected graphs

• Protein-protein interaction networks

• Directed graphs

• Regulatory/signaling networks

• Metabolic networks (substrates → 
products)

• Differential equations

• Bayesian networks
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gene products other molecules
Figure from KEGG database
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A Signaling Network

Figure from Sachs et al., Science 2005
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Part of the E. coli Regulatory Network

Figure from Wei et al., Biochemical Journal 2004
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Transcriptional Regulation Example: 
the lac Operon in E. coli

E. coli can use lactose as an energy source, but it prefers glucose.
How does it switch on its lactose-metabolizing genes?
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The lac Operon: Repression by LacI

lactose absent  ⇒ protein encoded by 
lacI represses transcription of the lac operon
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The lac Operon: Induction by LacI

lactose present  ⇒ protein encoded by 
lacI won’t bind to the operator (O) region
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The lac Operon: Activation by Low Glucose

glucose absent  ⇒ CAP protein promotes 
binding 

by RNA polymerase; increases transcription
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Protein-protein Interaction Networks
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mathematical properties of random networks14. Their
much-investigated random network model assumes that
a fixed number of nodes are connected randomly to each
other (BOX 2). The most remarkable property of the model
is its ‘democratic’or uniform character, characterizing the
degree, or connectivity (k ; BOX 1), of the individual nodes.
Because, in the model, the links are placed randomly
among the nodes, it is expected that some nodes collect
only a few links whereas others collect many more. In a
random network, the nodes degrees follow a Poisson
distribution, which indicates that most nodes have
roughly the same number of links, approximately equal
to the network’s average degree, <k> (where <> denotes
the average); nodes that have significantly more or less
links than <k> are absent or very rare (BOX 2).

Despite its elegance, a series of recent findings indi-
cate that the random network model cannot explain
the topological properties of real networks. The 
deviations from the random model have several key
signatures, the most striking being the finding that, in
contrast to the Poisson degree distribution, for many
social and technological networks the number of nodes
with a given degree follows a power law. That is, the
probability that a chosen node has exactly k links 
follows P(k) ~ k –!, where ! is the degree exponent, with
its value for most networks being between 2 and 3 
(REF. 15). Networks that are characterized by a power-law
degree distribution are highly non-uniform, most of
the nodes have only a few links. A few nodes with a very
large number of links, which are often called hubs, hold
these nodes together. Networks with a power degree
distribution are called scale-free15, a name that is rooted
in statistical physics literature. It indicates the absence
of a typical node in the network (one that could be
used to characterize the rest of the nodes). This is in
strong contrast to random networks, for which the
degree of all nodes is in the vicinity of the average
degree, which could be considered typical. However,
scale-free networks could easily be called scale-rich as
well, as their main feature is the coexistence of nodes of
widely different degrees (scales), from nodes with one
or two links to major hubs.

Cellular networks are scale-free. An important develop-
ment in our understanding of the cellular network
architecture was the finding that most networks within
the cell approximate a scale-free topology. The first evi-
dence came from the analysis of metabolism, in which
the nodes are metabolites and the links represent
enzyme-catalysed biochemical reactions (FIG. 1).As many
of the reactions are irreversible, metabolic networks are
directed. So, for each metabolite an ‘in’ and an ‘out’
degree (BOX 1) can be assigned that denotes the number
of reactions that produce or consume it, respectively.
The analysis of the metabolic networks of 43 different
organisms from all three domains of life (eukaryotes,
bacteria, and archaea) indicates that the cellular metabo-
lism has a scale-free topology, in which most metabolic
substrates participate in only one or two reactions, but a
few, such as pyruvate or coenzyme A, participate in
dozens and function as metabolic hubs16,17.

Depending on the nature of the interactions, net-
works can be directed or undirected. In directed
networks, the interaction between any two nodes has a
well-defined direction, which represents, for example,
the direction of material flow from a substrate to a
product in a metabolic reaction, or the direction of
information flow from a transcription factor to the gene
that it regulates. In undirected networks, the links do
not have an assigned direction. For example, in protein
interaction networks (FIG. 2) a link represents a mutual
binding relationship: if protein A binds to protein B,
then protein B also binds to protein A.

Architectural features of cellular networks
From random to scale-free networks. Probably the most
important discovery of network theory was the realiza-
tion that despite the remarkable diversity of networks
in nature, their architecture is governed by a few simple
principles that are common to most networks of major
scientific and technological interest9,10. For decades
graph theory — the field of mathematics that deals
with the mathematical foundations of networks —
modelled complex networks either as regular objects,
such as a square or a diamond lattice, or as completely
random network13. This approach was rooted in the
influential work of two mathematicians, Paul Erdös,
and Alfréd Rényi, who in 1960 initiated the study of the

Figure 2 | Yeast protein interaction network. A map of protein–protein interactions18 in
Saccharomyces cerevisiae, which is based on early yeast two-hybrid measurements23, illustrates
that a few highly connected nodes (which are also known as hubs) hold the network together.
The largest cluster, which contains ~78% of all proteins, is shown. The colour of a node indicates
the phenotypic effect of removing the corresponding protein (red = lethal, green = non-lethal,
orange = slow growth, yellow = unknown). Reproduced with permission from REF. 18 ©
Macmillan Magazines Ltd.

• Yeast protein 
interactions 
from yeast two-
hybrid 
experiments

• Largest cluster 
in network 
contains 78% of 
proteins

lethal
non-lethal
slow growth
unknown

Knock-out phenotype

(Jeong et al., 2001, Nature)
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Experimental techniques

• Yeast two-hybrid system

• Protein-protein interactions

• Microarrays

• Expression patterns of mRNAs

• Similar patterns imply involvement in same 
regulatory or signaling network

• Knock-out studies

• Identify genes required for synthesis of certain 
molecules
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Yeast two-hybrid system

(Stephens & Banting, 2000, Traffic)

14



Microarrays

(Eisen et al., 1998, PNAS)

genes
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Knock-out studies

Rich media His- media

Growth?Yeast with one gene deleted
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Topological properties of networks

• Degree: number of edges in/out of a node

• Average degree

• Degree distribution: P(k), fraction of nodes 
with degree k

• Clustering coefficient: measure of grouping in 
graph

• Path length: shortest path between two nodes

• Average path length
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Clustering coefficient

Ci: clustering coe!cient of node i

ni: number of edges between neighbors of node i
(number of triangles involving node i)

Ci =
2ni

ki(ki ! 1)

ki: degree of node i

Interesting to look at C(k): average clustering 
coefficient of nodes with degree k
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Erdös & Rényi random graphs

• Erdös & Rényi (1960): On the evolution of random 
graphs

• Construction

• Start with N vertices, zero edges

• Add each possible edge with probability p

• Expected number of edges: pN(N - 1)/2

• Expected degree: p(N-1)
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Properties of ER graphs
• Degree of nodes ~ Poisson distribution

• Most nodes have degree close to 
average degree

• Average path length ~ log n

• Clustering coefficient does not depend 
on degree k

NATURE REVIEWS | GENETICS VOLUME 5 | FEBRUARY 2004 | 105

R E V I EW S

Box 2 | Network models

Network models are crucial for shaping our understanding of complex networks and help to explain the origin of observed network
characteristics. There are three models that had a direct impact on our understanding of biological networks.

Random networks 
The Erdös–Rényi (ER) model of a random network14 (see figure, part A) starts with N nodes and connects each pair of nodes with probability p,
which creates a graph with approximately pN(N–1)/2 randomly placed links (see figure, part Aa). The node degrees follow a Poisson distribution
(see figure, part Ab), which indicates that most nodes have approximately the same number of links (close to the average degree <k>). The tail
(high k region) of the degree distribution P(k) decreases exponentially, which indicates that nodes that significantly deviate from the average are
extremely rare. The clustering coefficient is independent of a node’s degree, so C(k) appears as a horizontal line if plotted as a function of k (see
figure, part Ac). The mean path length is proportional to the logarithm of the network size, l ~ log N, which indicates that it is characterized by the
small-world property.

Scale-free networks
Scale-free networks (see figure, part B) are characterized by a power-law degree distribution; the probability that a node has k links follows 
P(k) ~ k –!, where ! is the degree exponent. The probability that a node is highly connected is statistically more significant than in a random graph,
the network’s properties often being determined by a relatively small number of highly connected nodes that are known as hubs (see figure, part
Ba; blue nodes). In the Barabási–Albert model of a scale-free network15, at each time point a node with M links is added to the network, which
connects to an already existing node I with probability "I = kI/#JkJ, where kI is the degree of node I (FIG. 3) and J is the index denoting the sum over
network nodes. The network that is generated by this growth process has a power-law degree distribution that is characterized by the degree
exponent ! = 3. Such distributions are seen as a straight line on a log–log plot (see figure, part Bb). The network that is created by the
Barabási–Albert model does not have an inherent modularity, so C(k) is independent of k (see figure, part Bc). Scale-free networks with degree
exponents 2<!<3, a range that is observed in most biological and non-biological networks, are ultra-small34,35, with the average path length
following ! ~ log log N, which is significantly shorter than log N that characterizes random small-world networks.

Hierarchical networks
To account for the coexistence of modularity, local clustering and scale-free topology in many real systems it has to be assumed that clusters
combine in an iterative manner, generating a hierarchical network47,53 (see figure, part C). The starting point of this construction is a small cluster
of four densely linked nodes (see the four central nodes in figure, part Ca). Next, three replicas of this module are generated and the three external
nodes of the replicated clusters
connected to the central node of
the old cluster, which produces a
large 16-node module. Three
replicas of this 16-node module
are then generated and the 16
peripheral nodes connected to
the central node of the old
module, which produces a new
module of 64 nodes. The
hierarchical network model
seamlessly integrates a scale-free
topology with an inherent
modular structure by generating
a network that has a power-law
degree distribution with degree
exponent ! = 1 + !n4/!n3 = 2.26
(see figure, part Cb) and a large,
system-size independent average
clustering coefficient <C> ~ 0.6.
The most important signature of
hierarchical modularity is the
scaling of the clustering
coefficient, which follows 
C(k) ~ k –1 a straight line of slope
–1 on a log–log plot (see figure,
part Cc). A hierarchical
architecture implies that sparsely
connected nodes are part of
highly clustered areas, with
communication between the
different highly clustered
neighbourhoods being
maintained by a few hubs 
(see figure, part Ca).
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Scale-free networks
• Barabási & Albert (1999): Emergence of scaling in random 

networks

• Random construction:

• Start with a few connected nodes

• Add nodes one at a time

• Add m edges between new node and previous nodes

• For each edge, probability of being incident to node 
i is ki!

j kj degree of node j
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Properties of scale-free 
networks

• Degrees:

• P(k) ~ k-γ  (power law distribution)

• Most nodes have very small degree

• A few nodes (hubs) with large degree

• Average path length ~ log log n

• Flat C(k)

• Properties depend on value of γ
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Box 2 | Network models

Network models are crucial for shaping our understanding of complex networks and help to explain the origin of observed network
characteristics. There are three models that had a direct impact on our understanding of biological networks.

Random networks 
The Erdös–Rényi (ER) model of a random network14 (see figure, part A) starts with N nodes and connects each pair of nodes with probability p,
which creates a graph with approximately pN(N–1)/2 randomly placed links (see figure, part Aa). The node degrees follow a Poisson distribution
(see figure, part Ab), which indicates that most nodes have approximately the same number of links (close to the average degree <k>). The tail
(high k region) of the degree distribution P(k) decreases exponentially, which indicates that nodes that significantly deviate from the average are
extremely rare. The clustering coefficient is independent of a node’s degree, so C(k) appears as a horizontal line if plotted as a function of k (see
figure, part Ac). The mean path length is proportional to the logarithm of the network size, l ~ log N, which indicates that it is characterized by the
small-world property.

Scale-free networks
Scale-free networks (see figure, part B) are characterized by a power-law degree distribution; the probability that a node has k links follows 
P(k) ~ k –!, where ! is the degree exponent. The probability that a node is highly connected is statistically more significant than in a random graph,
the network’s properties often being determined by a relatively small number of highly connected nodes that are known as hubs (see figure, part
Ba; blue nodes). In the Barabási–Albert model of a scale-free network15, at each time point a node with M links is added to the network, which
connects to an already existing node I with probability "I = kI/#JkJ, where kI is the degree of node I (FIG. 3) and J is the index denoting the sum over
network nodes. The network that is generated by this growth process has a power-law degree distribution that is characterized by the degree
exponent ! = 3. Such distributions are seen as a straight line on a log–log plot (see figure, part Bb). The network that is created by the
Barabási–Albert model does not have an inherent modularity, so C(k) is independent of k (see figure, part Bc). Scale-free networks with degree
exponents 2<!<3, a range that is observed in most biological and non-biological networks, are ultra-small34,35, with the average path length
following ! ~ log log N, which is significantly shorter than log N that characterizes random small-world networks.

Hierarchical networks
To account for the coexistence of modularity, local clustering and scale-free topology in many real systems it has to be assumed that clusters
combine in an iterative manner, generating a hierarchical network47,53 (see figure, part C). The starting point of this construction is a small cluster
of four densely linked nodes (see the four central nodes in figure, part Ca). Next, three replicas of this module are generated and the three external
nodes of the replicated clusters
connected to the central node of
the old cluster, which produces a
large 16-node module. Three
replicas of this 16-node module
are then generated and the 16
peripheral nodes connected to
the central node of the old
module, which produces a new
module of 64 nodes. The
hierarchical network model
seamlessly integrates a scale-free
topology with an inherent
modular structure by generating
a network that has a power-law
degree distribution with degree
exponent ! = 1 + !n4/!n3 = 2.26
(see figure, part Cb) and a large,
system-size independent average
clustering coefficient <C> ~ 0.6.
The most important signature of
hierarchical modularity is the
scaling of the clustering
coefficient, which follows 
C(k) ~ k –1 a straight line of slope
–1 on a log–log plot (see figure,
part Cc). A hierarchical
architecture implies that sparsely
connected nodes are part of
highly clustered areas, with
communication between the
different highly clustered
neighbourhoods being
maintained by a few hubs 
(see figure, part Ca).
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Hierarchical network

• Recursive generation

• Scale-free

• Clustering coefficient dependent 
on degree: C(k) ~ k-1
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Box 2 | Network models

Network models are crucial for shaping our understanding of complex networks and help to explain the origin of observed network
characteristics. There are three models that had a direct impact on our understanding of biological networks.

Random networks 
The Erdös–Rényi (ER) model of a random network14 (see figure, part A) starts with N nodes and connects each pair of nodes with probability p,
which creates a graph with approximately pN(N–1)/2 randomly placed links (see figure, part Aa). The node degrees follow a Poisson distribution
(see figure, part Ab), which indicates that most nodes have approximately the same number of links (close to the average degree <k>). The tail
(high k region) of the degree distribution P(k) decreases exponentially, which indicates that nodes that significantly deviate from the average are
extremely rare. The clustering coefficient is independent of a node’s degree, so C(k) appears as a horizontal line if plotted as a function of k (see
figure, part Ac). The mean path length is proportional to the logarithm of the network size, l ~ log N, which indicates that it is characterized by the
small-world property.

Scale-free networks
Scale-free networks (see figure, part B) are characterized by a power-law degree distribution; the probability that a node has k links follows 
P(k) ~ k –!, where ! is the degree exponent. The probability that a node is highly connected is statistically more significant than in a random graph,
the network’s properties often being determined by a relatively small number of highly connected nodes that are known as hubs (see figure, part
Ba; blue nodes). In the Barabási–Albert model of a scale-free network15, at each time point a node with M links is added to the network, which
connects to an already existing node I with probability "I = kI/#JkJ, where kI is the degree of node I (FIG. 3) and J is the index denoting the sum over
network nodes. The network that is generated by this growth process has a power-law degree distribution that is characterized by the degree
exponent ! = 3. Such distributions are seen as a straight line on a log–log plot (see figure, part Bb). The network that is created by the
Barabási–Albert model does not have an inherent modularity, so C(k) is independent of k (see figure, part Bc). Scale-free networks with degree
exponents 2<!<3, a range that is observed in most biological and non-biological networks, are ultra-small34,35, with the average path length
following ! ~ log log N, which is significantly shorter than log N that characterizes random small-world networks.

Hierarchical networks
To account for the coexistence of modularity, local clustering and scale-free topology in many real systems it has to be assumed that clusters
combine in an iterative manner, generating a hierarchical network47,53 (see figure, part C). The starting point of this construction is a small cluster
of four densely linked nodes (see the four central nodes in figure, part Ca). Next, three replicas of this module are generated and the three external
nodes of the replicated clusters
connected to the central node of
the old cluster, which produces a
large 16-node module. Three
replicas of this 16-node module
are then generated and the 16
peripheral nodes connected to
the central node of the old
module, which produces a new
module of 64 nodes. The
hierarchical network model
seamlessly integrates a scale-free
topology with an inherent
modular structure by generating
a network that has a power-law
degree distribution with degree
exponent ! = 1 + !n4/!n3 = 2.26
(see figure, part Cb) and a large,
system-size independent average
clustering coefficient <C> ~ 0.6.
The most important signature of
hierarchical modularity is the
scaling of the clustering
coefficient, which follows 
C(k) ~ k –1 a straight line of slope
–1 on a log–log plot (see figure,
part Cc). A hierarchical
architecture implies that sparsely
connected nodes are part of
highly clustered areas, with
communication between the
different highly clustered
neighbourhoods being
maintained by a few hubs 
(see figure, part Ca).

A  Random network

Ab

Ac

Aa

Bb

Bc

Ba

Cb

Cc

Ca

B  Scale-free network C  Hierarchical network

1

0.1

0.01

0.001

0.0001

1 10 100 1,000

P
(k

)
C

(k
)

k k

k
k k

P
(k

)

P
(k

)

100

10

10–1

10–2

10–3

10–4

10–5

10–6

10–7

10–8

100 1,000 10,000

C
(k

)

lo
g 

C
(k

)

log k

(Barabási & Oltvai, 2004)

23



Classifying networks

• Metabolic networks

• scale-free

• PPI networks

• scale-free

• Regulatory networks

• mixed

• out-degree of transcription factors is scale-free

• in-degree of regulated genes is exponential
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Paths in biological 
networks

• Path length between two vertices is often 
very small

• random graph gives expected path length as 
log N

• scale-free graph has log log N expected path 
length

• However, hubs not often connected to each 
other: disassortative

25



Evolving networks
• Growth

• Early nodes have more links

• Preferential attachment

• As new nodes added, more likely to be connected to 
already highly-connected nodes

• Leads to scale-free networks

• Gene duplication

• Major force in protein network evolution

• Highly-connected nodes more likely to have neighbors 
duplicate and add more edges 
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Small-world networks

• Small-world networks are graphs with small 
average path length

• ER graphs are small-world: log n average 
path length

• Scale-free graphs often very small: log log n 
(for some values of ϒ)

• However, biological networks are both 
small-world and disassortative: hubs are not 
often connected to each other
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Network problems
• Network inference

• Given raw experimental data

• Infer network structure

• Motif finding

• Identify common subgraph topologies

• Module detection

• Identify subgraphs that perform same function

• Conserved modules

• Identify modules that are shared in networks 
of multiple species
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Network motifs
• Problem: Find subgraph topologies that are statistically 

more frequent than expected

• Brute force approach

• Count all topologies of subgraphs of size m

• Randomize graph (retain degree distribution) and 
count again

• Output topologies that are over/under represented

Feed-forward loop: over-
represented in regulatory 

networks
not very common
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Network modules

• Modules: dense (highly-connected) 
subgraphs (e.g., large cliques or partially 
incomplete cliques)

• Problem: Identify the component modules of 
a network

• Difficulty: definition of module is not precise

• Hierarchical networks have modules at 
multiple scales

• At what scale to define modules?
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Conserved modules

• Identify modules in multiple species that have 
“conserved” topology

• Use sequence alignment to identify 
homologous proteins and establish 
correspondence between networks

• Using correspondence, output subsets of 
nodes with similar topology
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