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Recombinant inbred lines
(by sibling mating)
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The Collaborative Cross

Complex Trait Consortium (2004)
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The goal

(for the rest of this talk)

e Characterize the breakpoint process along a
chromosome in 8-way RILs.

- Understand the two-point haplotype probabilities.

- Study the clustering of the breakpoints, as a function
of crossover interference in meiosis.

2 points in an RIL

1 2

e r = recombination fraction = probability of a
recombination in the interval in a random meiotic

product.

e R = analogous thing for the RIL = probability of
different alleles at the two loci on a random RIL
chromosome.
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When a heterozygous population is self-fertilized or inbred the ultimate
result (apart from effects of mutation) is complete homozygosis. The final
proportions of the various genotypes are usually independent of the system
of inbreeding adopted, although, as JENNINGs (1916) and others have
shown, the speed at which equilibrium is approached is greater in the case
of self-fertilization than of brother-sister mating, and so on.
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Recombinant inbred lines

(by selfing)
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Markov chain

Sequence of random variables {X,, X;, X,, ...} satisfying
Pr(Xn+1 | XOI Xl/ ey Xn) = I:’r(xn+1 | Xn)

Transition probabilities P; = Pr(X,;=j | X,=i)

Here, X,, = “parental type” at generation n

We are interested in absorption probabilities

Pr(X, = J | Xo)
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Absorption probabilities

Let P, = Pr(X,,; =j | X, = i) where X, = state at
generation n.

Consider the case of absorption into the state AA|AA.

Let h, = probability, starting at i, eventually absorbed
into AA|AA.

Then hppaa = 1 and hpgap = 0.
Condition on the first step: h, = 3, Py hy

For selfing, this gives a system of 3 linear equations.
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Equations for selfing

C, AABB and aabb.

D, AAbb and eaBB.

E. AABb, AaBB, Aabb, and aaBb.
¥, AB.ab.

G, Ab.aB.

We assume 2C,+2D,+4E,+F,+G.=2, so that C;=D,=E;=G,=0,
and Fi=2. Clearly Exo=Fo=G,=0, and D,, is the final proportion of
crossover zygotes. Then considering the results of selfing each generation,
we have:

Cost = Co + 3En + §(1 — 8 — 8 + BO)Fn + {B3Gn

Doys = Do+ 3En + 180F. + 3(1 — B — & + 85)Gn

Ent1 = 3Eq + 38 + 6 — 286)(Fa + Gn) (1.1)
Foyr = 3(1 — B ~ & + B8)Fa + 383G

Goyr = 380Fn + 3(1 — B — 3+ 85)Ga

I

DT Cn+1y Dn+], and Fn“, Gn+17

s } 1.2)

F all values of n.
- 2x)da

_I—2x
142

2x
L ad BT

» C,+D,=1C,—D,=c, -

Put y =D, (the final proportion of crossover zygotes)

y =41 -cy).’

(1.3)
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Equations for sib-mating

Typical Number
mating of types
AABBXAABB 2 Coar=Cat H41 (a3 +7)L+1(F+8IN+1Q+ IR+ +7%)
Ui+ 8)V+ Zrady W+ o (@) X+ S5 8 Y.
AABbX AAbD 2 Don=D+I+Hi @+ )MA+L(E+ AP HQHISH(E+5)
Ut 3@+ ) VAW 4o (a8 ) X+ a1V

AABBXaabb 2 Eny1= fray "W (@8 + 559 X+ 2 8Y.
AAbbXaaBB 2 Fapr= @8 W-A (@384 X+ fa™r?Y.
AABBXAAbb 8 Gt = (@B +78)(U+V) +Fafys(WH2X+Y).
AABBXAABb 8 Hapi=} e e
U+
et (w5 me i
Abb ne1 ™
xaam A ey AABBXAbaB 4 Nep=iR+Had+20)(U+V)+iadys(W+2X+Y).
(s AAbbX AB.ab 4 Payu=iS+Has+78)(U+V) +iasys(W+2X+Y).
AABBXAabb 8 Ja= gkl AABbXAABb 4 Qua=2GHIHAHIHK) Hie+7) LAM)+Hi(E+8)
88)(ab (N4P)HOQ+HH R4S+ +Hi (@ +ap+5 4+ +v8+5)
AAbbXAcBB 8 Kosi=1% (U+V)+ 25 (ad+NUWY) +i (ay+88)'X.
B8)(ad AABbX AaBB 4 Ropi =18+ 3L+ +9)N+HIR (B4 ) U+ dat+nV+
AABBXAB.ab 4 Loti=1(d Leles+Ay)HWHY)+iar+88)X. .
atW- AABbX Aabb 4 Sep =1+ M+ +7)PHISHa N U+ B+ V+s
AAbbX Ab.aB 4 Mayr=1( (ad+87) (W+Y) +hlay+83)'X.
P AABbXaaBb 4 Top=1(@8+78)(U+V)+lad+87)(W+Y) + e +85)X.
AABbXAB.ab 8 Uppi=3J+1 (@841 L+N)+i(S+T) i@+ U+ E+2)
Viay(By+as) Wi (ay+88) (@ +87) X +{B3Br+ad) Y.
AABbX Ab.aB 8 Vopr=3K+1(ad+78) (M4P)+HR+T) H B+ ) U+ a+)
V4385(8y+ad) W+ (ey+88) (ad+pv) X +lar By +ad) Y.
AB.abX AB.ab 1 Wasr=2(E+]) +4(@+9)L+3(E+#)N+HS+T) +ie+1?)
U+1(8+8)V+laty W Hat8+840) X +185Y.
AB.abX Ab.aB 2 Xoprm= T +3as+78) (U+V) +iadys(W+2X+Y).
AbaBXAb.aB 1 Yoo =2(F+K) +i (@42 M+3(E+#)PHR+T) +i(+
FU+Ha ) VHFEWH 8+ X HaY.

17

Result for sib-mating

| Omitting some rather tedious algebra, khe solution of these equations is:

2 1
ﬁ = 2 y 8= 1 ;K= »
C 2 - 3q 2 - 3q 2- 3q

1-2 1-2 2
‘o q qg _ 2

T2-3q T3¢ T 2103
as may easily be verified.
1
= Ca+ 2 1 — 2x)(da + 2f 2ja Ky
Co =€ e"+1+6x[( x)(da + 260 + 2jn + 3ku)

3.4
+ 2ga + 4x(ha + ia)] @-4)

and y=4(1=c.).

In the case considered, dg=1, .. cg ={d;=1—2x/146x. Hence the pro-
portion of crossover zygotes]y =4x/1+6x|(3.5). =

18




The “Collaborative Cross”
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8-way RILs
Autosomes

Pr(G, =i) =1/8
Pr(G, =j| Gy=1)=r/(1+6r) fori=j
Pr(G,# G;) = 7r/ (1+6r)

X chromosome
PI’(G1=A) = Pr(G1=B) = PF(G1=E) = Pr(G1=F) =1/6
Pr(G,=C) = 1/3
Pr(G,=B | Gy=A) = r/ (1+4r)
Pr(G,=C | G;=A) = 2r / (1+4r)
Pr(G,=A | G;=C) =r/ (1+4r)
Pr(G;# Gy) = (14/3) r / (1+4r)

20
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The X chromosome
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Computer simulations
0.8
06 4 R=7r/(1+6r)
R 04 -
R = (14/3)r / (1+4r)
0.2
0.0 - -

0.0

0.2 0.3 0.4
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3-point coincidence
1 2 3

r; = recombination fraction for interval i,j;

Coincidence = ¢ = Pr(double recombinant) / r?
= Pr(rec’'n in 23 | rec’'n in 12) / Pr(rec’n in 23)

No interference - =1
Positive interference — < 1
Negative interference — > 1

Generally c is a function of r.

23

3-points in 2-way RILs
1 2 3

ris=2r(l-cr)

R =f(r); Ry3="f(ry3)

Pr(double recombinant in RIL) = { R+ R-R;3}/ 2
Coincidence (in 2-way RIL) = {2 R -R;5}/{2R?}

24
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Coincidence

No interference

2.0 — Meiosis
—— RILs by selfing
—— RILs by sib-mating
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Why the clustering
of breakpoints?

The really close breakpoints occur in different
generations.

Breakpoints in later generations can occur only in
regions that are not yet fixed.

The regions of heterozygosity are, of course,
surrounded by breakpoints.

27

Coincidence in 8-way RILs

The trick that allowed us to get the coincidence for 2-
way RILs doesn’t work for 8-way RILs.

It's sufficient to consider 4-way RILs.

Calculations for 3 points in 4-way RILs is still
astoundingly complex.

- 2 points in 2-way RILs by sib-mating:
55 parental types — 22 states by symmetry
- 3 points in 4-way RILs by sib-mating:
2,164,240 parental types — 137,488 states

Even counting the states was difficult.

28

14



Coincidence

Coincidence

Meiosis

RILs by selfing
RILs by sib-mating
8-way RILs

No interference
Mouse interference

0.0 0.2 0.4 0.6 0.8

But there is an easier way...




Equations for sib-mating

Typical Number
mating of types
AABBXAABB 2 Cpar=Cat H4-1 (@471 L+3(F+FN+HQ+ IR +i (e ++7)
U+E(8+ 8V + Zpatr? Wt s (@864 X+ 8Y.
AAbbX AAbD 2 Doyt =D+ I3 (@ )M AL (E+#)PHQHISHI(B+8)
U4 12+ ) V4 HBEW 4l (a2 8 -2 X+ fyaty 1Y

AABBXaabb 2 Enji= 0y W (845499 X+ fF8Y.
AAbbXaaBB 2 Fap =SB 5 W e (@5 +65) X+ fsa2?Y.
AABBXAAb 8 Guur=dy(aB+v8)(U+V)+Habys(W+2X+Y).
AABBXAABb 8  Huu=i e
Uty -
(e8] o
AADXALBY 8 T AABBXAbaB 4 Nay=iR-+Has+n0)(U+V)Headrd(W+2X+Y).
(8451 AAbbXAB.ab 4 Payu=iS+Has+78)(U+V) +iasys(W+2X+Y).
AABBXAabb 8 TJarr= AABbXAABb 4 Quni=2G+IHAT+]+K)+Hi(@+7) (L+M) +i(F+#)
B5) (e (N4P)HOQ+HR+S+T) H(@ +af+5++75+5)
AAbbXAcBB 8 Kosi=1% (U+V)+ 25 (ad+NUWY) +i (ay+88)'X.
B8) (b AABbXAaBB 4 Ropi =184 3)L+1(a*+9)N+ z)lfxl 1E+)UHa+V+
AABBXAB.ab 4 =1 Palad+8y)(W+Y) +ilar +88)X.
oAb s AABOXAGE A Senmd(E+OM+H P HSH AN UHEHVH
AAbbX Ab.cB 4 Mepy=1 (ad+87)(W+Y) +hley 530X,
e ;a‘m’: AABbXaaBb 4 Tan=ia8+v8)(U+V)+(as+B7)(WHY) +iar+85yX.
AABbXAB.ab 8 Upu=iJ+ias+70)L+N)FIE+T)Hla+n)U+iG+2)
Vtday (8y+ad) W+ (ar+83) (@d+87) X +188 (B +ad) Y.
AABbX Ab.aB 8 Vayi= 3K +4(a+y8) (M+P) +HR+T) + (848 U+i(a+)
V4385(8y +ad) WAHer+88) (s +p7)X +lar By +ad)Y.
AB.abXAB.ab 1 Wasr= 2(E-+])+4(@+9)L+3(E+ N+ HS+T) +1a+9?)
U1(8+8)V+ 1oty W Ha?et-+54 ) X+ 105V,
AB.abX AbaB 2 Xapi= T+ (ad+78)(U+V) +ia8y8(W+2X+Y).
Ab.aBXAb.aB 1 You=2(F+K)+i(0*+)M+3(E+#)P+IR+T) +i(E+
F)U+Ha )V HFEWHH @+ )X Ha'Y.
31
Consider the cross W, W, X X, x Y;Y5|Z,Z,
Let g; = Pr(W,;W, fixed)
g, = Pr(W;X, fixed)
gs; = Pr(W,Y, fixed)
Then4q, +4q9,+8qg;=1
First generation: W, = X, =A, Y, =2, =B
Then Pr(AA fixed) = 2(q; + q,)
Pr(AB fixed) = 4 q;
32
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The simpler method

W, W, X, X, % Y, Y, 1242,
a, = Pr(W,W, fixed) g, = Pr(W;X, fixed) g5 = Pr(W,Y, fixed)

Second generation: W, =Y, =A, X, =27, =B
Then Pr(AA fixed) = 2(q; + q3)

Thus g, = g5

33

The simpler method

W, W, X, X, % Y, Y, 1242,
a, = Pr(W,W, fixed) g, = Pr(W;X, fixed) g5 = Pr(W,Y, fixed)

Now we use the usual trick, condition on the first step:
g, =(1-r/2xq, x4 + 1/2x1/2xqg,x 12

Combined with the previous results, we get
d, = r/[2(1+6r)]

And so Pr(AB fixed) = 4q; = 4r/(1+6r)

34
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The formula

280 +1280r — 848r? +5¢ (7 — 28r — 368r2 + 344r°)— 2¢*(49 — 324r + 452r*)r? —16¢*(1- 2r)r*

C=(1+6r) 2 2 3
49(1+12r—-12cr®)[6+10r —4(2+c)r® + 8cr’]
35
Pr(M, =x|M,=A, M, = A, M, =A)

0.20 —
<
I{I‘j
= 08 5
<
H
o
=
< 0.10 -
1}
=
< —_
% 0.05 —
= —_
o o

_-7 — Nointerference
000 4 --—=—=—=-cc-=-=-- =7 - - Positive interference
T T T T T T
0.0 0.1 0.2 0.3 0.4 0.5
recombination fraction
36
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Markov property

Pr(M, =A|M,=A, M, =x)
% Pr(M, =A|M,=A)

2_
g 19
g
5 05 e e =
=
3
S -1 7
o
= — x=A
=3 — x=1B
x=C
_4 — x=E
T T T T T T
0.0 0.1 0.2 0.3 0.4 0.5
recombination fraction
37
. {Pr(M3=AM2=B, M1=x)}
2
Pr(M, =A|M,=B)
2_
g 19
g
2 0 e ———
= s
g ’——
g -1 o7
o -,
o 4
e - g
’ — x=A
-3 /, — x=B
s x=C
—4 — ) — x=E
T T T T T T
0.0 0.1 0.2 0.3 0.4 0.5
recombination fraction
38
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Markov property

Pr(M, =A|M,=C, M, =x)
% Pr(M, =A|M,=C)

2 —
g 19
g
2 0+
=
3
s -1
o
= x=A
-3 — x=B
x= C/D
=41 = — x=E
T T T T T T
0.0 0.1 0.2 0.3 0.4 0.5
recombination fraction
39
Pr(M, =A|M, =E, M, =)
9,
Pr(M, = A|M, =E)
24 T
o 17 T
g Voo T
2 0 ~—-mmme—-coc- - - ccammssssrEsEEana
=
3
S -1 7
o
$ o |
Ke] — x=A
— x=B
-3 - X= C
—— R =G5F
-4 —— Rea @
T T T
0.0 0.1 0.2 0.3 0.4 0.5
recombination fraction
40
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Whole genome
simulations

2-way selfing, 2-way sib-mating, 8-way sib-mating
Mouse-like genome, 1665 cM

Strong positive crossover interference

Inbreed to complete fixation

10,000 simulation replicates

41

No. generations to
fixation

— 2-way selfing
—— 2-way sib—mating
—— 8-way sib—mating

mean = 10.5

mean = 35.6

mean = 38.9

10 20 30 40 50 60

No. generations

42
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No. gen’s to 99% fixation

— 2-way selfing
mean = 8.0 — 2-way sib-mating
—— 8-way sib—mating

mean = 23.5
mean = 26.7

0 10 20 30 40
No. generations
43
Percent genome not fixed
i —— 2-way selfing
—— 2-way sib—mating
—— 8-way sib—mating
15 —
B — Average
£ : - - - 95th percentile
2
S 10
=
8
&
5 -
o4 0 T~==. 0 e S S
T T T T
10 20 30 40
No. generations
44
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Number of breakpoints

mean = 32.7

—— 2-way selfing
—— 2-way sib—mating
—— 8-way sib—mating

mean = 65.3

mean = 114.4

50

100 150

No. breakpoints
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Segment lengths

median = 8.5 cM

median = 23.7 cM

median = 12.9 cM

—— 2-way selfing
—— 2-way sib—mating
—— 8-way sib—mating

Two chromosomes

X chromosome

.

T T
0 20

I””H” l{ L |

40 60 80 100 120

Segment lengths (cM)

46
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Probability a segment
is inherited intact

107 — 2-way selfing
—— 2-way sib—mating
) — 8-way sib-mating
€ 08
°
2
5]
€ 06
=
[0]
£
g 04 -
=
3
©
S 02
o
0.0

0 20 40 60 80 100 120

Length of segment (cM)
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Length of smallest
segment

95th %ile = 0.26 cM — 2-way selfing
—— 2-way sib—mating
—— 8-way sib—mating

95th %ile = 0.58 cM
95th %ile = 2.2 cM

T T T T T T
0.0 0.5 1.0 1.5 2.0 25

Length of smallest segment (cM)

48
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No. segments < 1 cM

mean = 1.4 — 2-way sglfing ]
—— 2-way sib-mating
—— 8-way sib—mating

mean = 5.2

mean = 11.2

No. segments < 1 cM
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Summary

e The Collaborative Cross could provide “one-stop
shopping” for gene mapping in the mouse.

e Use of such 8-way RILs requires an understanding of
the breakpoint process.

e We've extended Haldane & Waddington’s results to the
case of 8-way RILs: R=7r/ (1 + 67r).

e We've shown clustering of breakpoints in RILs by sib-
mating, even in the presence of strong crossover
interference.

e Broman KW (2005) The genomes of recombinant inbred
lines. Genetics 169:1133-1146
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