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Covariance and correlation

Let X and Y be random variables with
ux = E(X), uy = E(Y), ox = SD(X), oy = SD(Y)

For example, sample a father/daughter pair and let
X = the father’s height and Y = the daughter’s height.

Covariance Correlation

cov(X,Y)

X0y

cov(X,Y) = E{(X = pux) (Y — py)} cor(X,Y) =

cov(X,Y) can be any real number. —1 <cor(X,Y) <1
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Estimated correlation

Consider n pairs of data: (X1, Y1), (X2, ¥2), (X3, ¥3), - .., (Xn, Yn)

We consider these as independent draws from some
bivariate distribution.

We estimate the correlation in the underlying distribution by:

_ 2_iXi = X)(yi —y)
Vil —X)2 Yy —y)?

r

This is sometimes called the correlation coefficient.

Correlation measures linear association
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All three plots have correlation ~ 0.7!



Fathers’ and daughters’ heights

mean = 67.7
SD=2.8

Fathers' heights

55

mean = 63.8
SD=27

60 65 70 75

height (inches)

Daughters' heights

Pearson and Lee (1906) Biometrika 2:357-462

55

60 65 70 75

height (inches)

1376 pairs
7

Fathers’ and daughters’ heights

Daughter's height (inches)

corr =0.52

70

65 — -

55

o
° °
o
° o
° N ° ° 5 °
o
° o, ° o
. ° %0 o o o
° o o had H °
e o 8 e et % e i .
° M o © ° ° o
o 6 0 .08 °0 o°0 of o o o8
0%0 o o 00 00% Vg0 05 g0 o0 o o °
° 8, g 3o o
o o 8 oo, So% o % °3 o o
o ° o o 33 0 ° °
° o o s 3
. 0 %% 000 %8 g0 CHoBy 2% R % oo 00
o o ° 00 og°® %0 8 0000 88500 0 O 080 %0q 02 8 °° 8 o o
° o 00°% 80 3§ 0%00°,8%8% g 0 %0 9 o o °
° S 0080% 6,8 ° 0 8 Pog 8% o 03808 %00
o o 000800 8 80 o o o2 290 8%0,98% "o o o0 0©2° o 5 %
000 0 L0 0 o0 00,580 o o o
®es g 2 Sge OB ool 99 o 8003 53830 8
o ° e ° o 2 o80 © 8 0B ooTy % o8 ° 8 ° ° o °
o o g %o (8,00:3, o 00 o
o o 908 § 0000 Boag® <8°°8 8% 00,%% o
s B o o0 © 008%099808 8 0 0 § O 26008 9000 ©  $8396° ;o %
o © 8o 908 000 2008 8 o Ot 3 S S o’
o ° 4 080° 498, 0903898 00°%8° %0 o8 0 8°%8 o, 4 o0 °
oo o %8’ o o 09°%008%0, g a%0°g8 9 % 90 ¥ o oo
°o ° © 8% %2 6900 o © o0 °68%08 0 0 AT °
o o 3 o8 §%828%08 § o 00 %8 o g o %0 o
© % oo 880 © 87ggo 0800 °
o o 00980 “4g%80% o 0y o o9
o o 8 3o 8988 0 0089 of o ags 8° 8 o o o o
o 00 9% % o Orkd 8 2 005 3° ° o o
o o % 090 © 3 8 s 8 o8, o
%00 % 8.0, 0°%8 38 o coog % 8, 8o % °
. 0g00° 8 oo © oo o Boggo 0.8 0 %o 87 K3
° 8 5 o0, 825, 0g88°805 0 898 8% o o ° o
A AEI A B8%0g o8 28" 89 008°% o ° o
S o 90,0 o o o of
oo o° 890 0 05 25,8 0008 % o o o
oo o 8, %% g0 o °
Po o °
o o o B % o .
° o ° oo o Tog%° o o ° °
° o ° o ° °
o
o ° °
° ° ° ° °
o
°o go° o © oo
o
o 3
o
N
o

60

T T T
65 70 75

Father's height (inches)



Linear regression
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Regression line
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SD line vs regression line

Daughter's height (inches)

I I I I
60 65 70 75

Father's height (inches)

Both lines go through the point (X, Y).

Predicting father’s ht from daughter’s ht
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Predicting father’s ht from daughter’s ht
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There are two regression lines!
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The regression effect

e Tall fathers have, on average, daughters who are not so tall.

e Short fathers have, on average, daughters who are not so short.

e Tall daughters have, on average, fathers who are not so tall.

e Short daughters have, on average, fathers who are not so short.

The regression fallacy

The regression fallacy: Ascribing important meaning to the
regression effect.

Example: the “sophomore slump”

Also think:

Exam grade = skill + luck
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