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More than one predictor

The model with two parallel lines can be described as

Y = 5o + 1 Xy + B2Xo + €

In other words (ur...equations):
Oo + B1Xy + € ifXo=0
(Bo + B2) + 1 X1 +e ifXo=1




Multiple linear regression

A multiple linear regression model has the form

Y =G0+ 01X+ 4 BXe+e, e~ N(0,0%)

The predictors (the X’s) can be categorical or numerical.
Often, all predictors are numerical or all are categorical.

And actually, categorical variables are converted into a group of
numerical ones.

ANOVA as linear regression

ANOVA: k groups; n; observations in group i

y; = response for individual i
g; = group to which individual i belongs

Model:  y’sindep’t; y; ~ normal(yug, 0?)

Ho:  p1=pe= -+ =k

Linear regression: Let x;; = 1 if individual i is in group j
(and = 0 otherwise).

Model: y; = p1Xit + poXia + - - + fucXik + €
where ¢ iid ~ Normal(0, ¢2)



You could also write...

Y, = B1+ PBoXio + - - - + BkXik + €
In which case:

Bt = B = — pa forj> 1

Here Hoz,u1=,u2=---=,uk
is equivalent to Hp: Bo=03= -+ =0=0
Estimation

We have the model

Yi = Oo 4+ B1Xi1 + - -+ + OkXik + €, € ~ iid NOI’I’T’I3.|<07 02)

We estimate the 3’s by the values for which
RSS =Y .(y; —y;)? is minimized (aka “least squares”)

where y; = 5o + B1Xit + - - + BiXik

RSS
n—(k+1)

We estimate c by 6 = \/



Trust me . ..

Calculation of the #’s (and their SEs and correlations) is not that
complicated, but without matrix algebra, the formulas are
exceedingly nasty.

e The SEs of the s involve o and the x’s.

e The (’s are normally distributed.

« Obtain confidence intervals for the 3's using 5 £t x §\E(B)

where t = quantile of t dist'n with n—(k+1) d.f.

o Test Ho : 3 = 0 using | 3|/SE(5)
Compare this to a t dist’'n with n—(k+1) d.f.

The example: a full model

x4 = [H20z].
X2 = 0 or 1, indicating species of heme.
y = the OD measurement.

The model: y = Bo + ﬂ1X1 + ﬁng + 53X1X2 + €

l.e.,
{6o+ﬁ1x1+e if X, =0
y:

(Bo+ B2) + (B1 + B3)X1 +€ if Xo=1

B=0 — Same intercepts.
B3=0 — Same slopes.
Bo=033=0 — Same lines.



Results

> Im.out <- 1m(y ~ x1 * x2, data=mydat)
> summary (1lm.out)

Coefficients:
Estimate Std. Error t value Pr(>lt])
(Intercept) 0.35305 0.00544 64.9 < 2e-16

x1 -0.00387 0.00019 -20.2 8.86e-15
X2 -0.01992 0.00769 -2.6 0.0175
x1:x2 -0.00055 0.00027 -2.0 0.0563

Residual standard error: 0.0125 on 20 degrees of freedom
Multiple R-Squared: 0.98,Adjusted R-squared: 0.977
F-statistic: 326.4 on 3 and 20 DF, p-value: < 2.2e-16

Testing many g's

We have the model

Yi = Oo + B1Xi1 + - -+ + OxXik + €, € ~ iid NormaI(O, 02)

We seek to test
Ho: Bre1= -+ =B =0.

In other words, do we really have just:

Yi = o+ BiXit + -+ BXie 6, e ~ iid Normal(0, o°)



What to do. ..

1. Fit the “full” model (with all k x’s).
2. Calculate the residual sum of squares, RSSy.
3. Fit the “reduced” model (with only r x’s).

4. Calculate the residual sum of squares, RSS,q.

— (Rssred_Rssfull)/(dfred_dffull)
5. Calculate F = RSS.w /dn :

where dfiegg=n—r—1anddfy=n—-—k—1).

6. Under Ho, F~ F(dfred — dffu”, dffu”).

In particular. ..

Vi = o+ BiXit + - - + BeXik + €, € ~ iid Normal(0, o2)

We seek to test

Ho:ﬁ1 = - =ﬁk=0.
(i.e., none of the x’s are related to y.)

Full model:  All the x’s
Reduced model: y=pg+¢e (i.e.,y ~ Normal(f3g,o?)

RSSrea = 2oi(Yi — ¥)?

F = (53 = Y2 = iy = 902)/K)/ 150 = 902/ (n =k = 1)

and compare to F(k, n — k — 1) dist'n.



The example

Totest 0o = B3 =0...

> Im.red <- 1m(y ~ x1, data=dat)
> 1m.full <- Im(y ~ x1xx2, data=dat)
> anova(lm.red,1lm.full)

Analysis of Variance Table

Model 1: y © x1
Model 2: y 7 x1 + x2 + x1:x2

Res.Df RSS Df Sum of Sq F Pr(>F)
1 22 0.00975
20 0.00312 2 0.00663 21.22 1.1e-05

Example

Growth of Hudson River striped bass; years 1965—1976.

y; = incremental growth rate in year t
X1t = population density in year t
Xot = rise in temperature in year t
X3t = @ measure of river flow in year t

Fit the model
Yi = ﬂo + ﬁ1X1t + ﬁngt -+ 53X3t + €t where €t ~ iid NormaI(O, 02)



Plot y vs each x

Results
Est SE t-value P value
Intercept 17.00 3.22 5.3 0.001
density —-0.37 0.11 -3.2 0.015
temp.rise 25.36 9.01 2.8 0.026
flow 0.45 0.47 1.0 0.362




Residual

Diagnostics

Assumptions

€’s independent

e’s normally distributed

€’s have constant SD

y’s linear in each of the x’s

No other x’s belong in the model

Diagnostics

Plot residuals vs time

QQ plot of residuals

Plot residuals vs fitted values
Plot residuals vs each x

Plot residuals vs other x’s

residuals vs time

Time index
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residual(t+1)

residual(t) vs residual(t+1)

corr = -0.09

P-value = 78%

Permutation test

residual(t)
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Sample Quantiles

Residuals

QQ plot of residuals
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Residuals vs fitted values
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Residuals vs x’s
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Est SE
-4.29 4.97
0.58 0.25

t-val P-val
-0.86 0.40
2.36 0.03

Intercept
x1
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Residuals

Residuals vs another x
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Regress y on both x’s

Est SE t-val P-val

Intercept 18.02 8.50 2.12 0.0491
x1
X2

1.21  0.29 4.13 0.0007
-0.77 0.26 -3.00 0.0080
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One last example

Sediment ingestion by the mud snail, Hyrobia minuta.

y = Amount ingested
X = Time allowed to eat

800 — R
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A model

Let’'s consider the model
Vi = Bo + B1Xi + Pox? + B3x2 + ¢  where ¢ ~ iid Normal(0, o2)
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200 —
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Estimated coefficients

P-val
0.019

t-val
-2.66

SE
127

Est

Intercept  -339

time 75.7 15.4 4.91 <0.001
time~2 -1.55 0.48 -3.22 0.006
time~3 0.010 0.004 2.52 0.024
31
Diagnostic plots
Residuals vs. Fitted QQ plot of residuals Residuals vs. time
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Fitted values

32



