Numerical linear algebra

Matrix multiplication

C = A B

(mxn) (mxp) (pxn)
)\ N

# C<-0
for(i in 1:m)
for(j in 1:n)
for(k in 1:p)
C[i,j] <- C[i,j] + A[i,k] * Blk,]j]

The loops may be placed in any order. Using different loop
orders may have a considerable effect on computation time,
according to how the matrices are stored in memory.



Take advantage of matrix multiplication

Example

Consider an n x p matrix X containing 1's and 0's. We
wish to calculate the n X n symmetric matrix D where

d;; = prop mismatches betw ¢th and jth rows of X
= ave; {zix # zji}

=) [zl — zjp) + (1 — za)zjul /p

k

letY =1— X (i.e., Yij = 1 — ZL’Z])

Then
D=(XY'+YX")/p

Note: Symmetric storage can save space and time
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Motivation: linear regression

Consider the model y = X3 + ¢, where € ~ N(0, 0%I).
(yismx1, Xisnxp, and Bisp x 1.)

Normal equations: (X’X)B = Xy.

Also, var(8) = oc%(X' X)L,

Calculating 3 = (X’X)"1 X'y is not very good computa-
tionally.

Problems:

1. We have to form X'X, with p(p + 1)/2 elements

2. We need the inverse of a symmetric matrix with no
special pattern



QR decomposition

Let X be an n X p matrix.

There exist

an orthonormal matrix Q) [ Q'Q) = I | and

an upper triangular matrix R [V ¢ > j, R;; =0 ]
such that X = QR

Note that () isn X p and R is p X p.

Normal equations:

X'XB=X"y
(QR)(QR)B = (QR)y
RQQRB = RQy
RR3=RQy

A

RB=Q'y (if Ris full rank)

The last line is easy to solve since R is upper triangular.
Also, note that (X'X)™! = (R'R)™' = R7Y(R™!), and
R~ is easy to obtain.



Gram-Schmidt algorithm

The following replaces X with the matrix () and forms the
matrix R.

for(j in 1:p) A
rlj,jl <= sqrt( sum(x[,jl"2) )
x[,j] <= x[,j1 / rlj,]]

if(j < p) for(k in (j+1):p) A

r[j,k] <- sum(x[,j] * x[,k])
x[,k] <= x[,k] - x[,jl*r[j,k]

}

Note that if X is not of full rank, one of the columns will
be made (very close to) 0. Thus r;; =~ 0 and so there will
be a divide-by-zero error.

If you apply G-S to the first p columns of the augmented
matrix (X : y), the last column will become the residuals

E=y—1.



QR decomposition: Other points

1. Other orthogonalization methods:

(a) Householder transformations
(b) Given's rotations

2. QR updates for stepwise regression
(see Golub and Van Loan 1996)

3. QR decomposition in R : qr () returns something other
than () and R

qr2 <-
function(x)
{

qq <- qr(x)

p <- ncol(x); n <- nrow(x)

r0 <- matrix(0,p,p)
rO[row(r0) <= col(r0)] <-

qa$qr [row(qq$qr) <= col(qq$qr)]
r0 <- sweep(r0,1,(-1)"(1:p),"*")

q0 <- qr.qy(qq,diag(l,n)[,1:p]l)
q0 <- sweep(q0,2,(-1)"(1:p),"*x")

1list(q=q0,r=r0)



Cholesky decomposition

Let A be a p X p symmetric matrix.
A is positive semi-definite if V p-vector v, v"Av > 0.

A is positive definite if
e it's positive semi-definite and
o VAv =0 iff v =0.

If A is positive semi-definite, 3 an upper triangular matrix
D such that D'D = A.

We have a;; = > i_; diidgj. But d,. = 0 for r > ¢,
SO
1—1
— Z dkzdkj Z dkzdk:] + dmdw
k=1
Thus

dz’j — (az'j — 2;11 dkzdk]) /dzz



Cholesky: the algorithm

all,] <- all1,] / sqrt(all,1])
for(i in 2:p) {

ali,i] <- sqrt( ali,i] -
sum(all:(i-1),1i]1"2) )

if(i < p) for(j in (i+1):p)
ali,j] <- ( a[i,j] - sum(al[1:(i-1),i] *
al1:(i-1),3D)
) / ali,il]
+

allower.tri(a)] <- 0

The algorithm goes bad if A is not positive definite (al, 1]
becomes effectively 0).



Uses of the Cholesky decomposition

1. Simulation of correlated random variables
(See last Monday.)

2. Regression:

(a) Let D'D be the Cholesky decomposition of X'X.
(b) The normal equations become D’'Dj3 = X'y

(c) Solve D'0 = X'y for § = DJ3
(d) Backsolve DG = 6 for 3

3. Determinant of a symmetric matrix, A = D'D

det(A) = det(D'D) = (det D)’ Hd
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Sweep operator

Consider the “sums of squares and cross-products” (SSCP)

matrix
. X'X Xy
VX Yy
where X isn X pand yis p x 1.

Application of the Sweep operator to columns 1 through
p of A results in the matrix

i (—(X'X)_1 5)

B Ik RSS
If you apply the Sweep operator to columns 7q,... , 1,
you'll receive the results from regressing y on X, , ... , X;,

—the corresponding elements in the last column will be the
estimated regression coefficients, the (p+1,p+1) element
will contain RSS, and so forth.

The Sweep operator has a simple inverse; the two together
make it very easy to do stepwise regression. The SSCP
matrix is symmetric, and any application of Sweep or its
inverse result in a symmetric matrix, so one may take ad-
vantage of symmetric storage.
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Sweep algorithm

sweep <-
function(A, k)
{

n <- nrow(A)
for(i in (1:n)[-k])

for(j in (1:n) [-k])

Ali,j] <= Afli,j] - Ali,k]=*A[k,jl/Alk,k]

# sweep if Alk,k] > 0
# inverse if Alk,k] < O
Al-k,k] <- A[-k,k] / abs(Alk,k])
Alk,-k] <- Alk,-k] / abs(Al[k,k])
Alk,k] <- -1/Alk,k]

A
}

Note: Be careful about A[k,k] < tol.
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Consider regression with an intercept.

[(n Yo Xz ... Y, zy\
Z.xl
>,
\ >y y' X y'y |

After sweeping column 1, we get the following (the “cor-

rected” SSCP matrix).

{—1/77,9315:2...@ 7

I
CSSCP — : (X*)IX* (X*)/y*

SSCP = X'X X'y

Lp
\ 7 X )y
where X™* and y* are X and y with their columns centered
about their means (eg, =}; = xi; — ;).

Thus the elements of the CSSCP matrix are like

Z.Ijla?jg — Z(le — fl)(xﬂ — 3_72)
J J

Note: You should from the CSSCP matrix directly rather
than forming the SSCP matrix and then sweeping the first

column. s



General least squares

Consider the model y = X3 + ¢
where £ ~ N(0, 0%V) with V' known.

Consider the Cholesky decomposition of V, V = D'D,
and let §' = (D')~! = (D71Y.

Let y* = S'y, X*=5'X, and e¢* = S'e.

Then we have y* = X*3 + &*, with ¢ ~ N(0,0°I), and
we may proceed as before.

Things are particularly simple in the case

V =diag{vy,... , v}
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Singular value decomposition

Let X be an n X p matrix with rank(X) =k < p.
We can write X = UAV' where U'U = I,,, V'V = I,

and H
+= (o)
with D = diag{\,... ,A\,}and Ay > ... > A, > 0.

Then X'X = VA?V’, and the )\; are the eigenvalues of
X'X.

Also, (X'X)~1 X'y = VA~1U"y, where
A = (D71 0)

15



When X is not full rank

Suppose rank(X) =k < p. Then A\pp1 = ... =X, =0,
and so A (and X'X) is not invertible.

Write 8* = VA+U'y where
ALY
)

A

\ 0 0 /

We should note here than the normal equations X’'X 3 =
X'y do not have a unique solution.

A—I—

(3* (above) is the solution of the normal equations for which
181> = 3=, 85 is minimized.

In the case we're discussing, in which X is not of full rank,
B is not estimable. The only estimable contrasts (linear
functions of 3) are of the form ¢/ such that || Xc¢|| =
X' Xe>0.

We say ¢/ is estimable, if it has a linear unbiased estimate,
say b'y.
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Principal components

Let « be a random p-vector with Ex = 1 and varx = ..

Consider the SVD of ¥, ¥ = I"AI' where I'"T" = I, and
A =diag{1,... A}

2z = Ax contains the “(population) principal components”
of  (linear combinations of x that are uncorrelated):

varz = I'TVATTY = A

Note that the ith row of I" (ie, the ith column of T”; call it
7;) is the eigenvector of 3. corresponding to the eigenvalue

Ait 2% = AiYi.

Let X be an n X p matrix, where the rows are iid draws
from the population above. (Assume, for convenience, that

p=0)
The estimated covariance matrix is ¥ = X' X /n = [VAT.

Z = XT contains the “(sample) principal components” of
X.

Note that if X = UDV' is the SVD of X, I' = V and
A=D'D/n.
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